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PREFACE 
The problems a s s o c i a t e d  w i t h  a n a l y z i n g  and managing i n t e -  
g r a t e d  r e g i o n a l  development  a r e  m u l t i d i m e n s i o n a l  i n  c h a r a c t e r .  
They s tem from (i) t h e  h i e r a r c h i c a l  r e l a t i o n s  o f  t h e  n a t i o n a l  
economic sys tem,  (ii) c o n f l i c t i n g  i n t e r e s t s  w i t h i n  t h e  r e g i o n ,  
and (iii) t h e  complex s t r u c t u r e  o f  t h e  r e g i o n a l  sys tem,  whose 
components have d i f f e r e n t  development  dynamics.  To s o l v e  t h e s e  
problems s u c c e s s f u l l y ,  it i s  e s s e n t i a l  t o  c o n s i d e r  t h e  r e g i o n a l  
system i n  a  h o l i s t i c  f a s h i o n .  
Large  models o f  i n d i v i d u a l  components o f  t h e  r e g i o n a l  sys tem 
a r e  o f t e n  used f o r  a n a l y z i n g  p a r t i c u l a r  a s p e c t s  of  r e g i o n a l  d e v e l -  
opment. U s u a l l y ,  such models a r e  developed i n d e p e n d e n t l y  of  each  
o t h e r .  I f  a  h o l i s t i c  approach i s  t a k e n  t o  r e g i o n a l  development ,  
however, t h e s e  independen t  models must be  l i n k e d  t o  form a  coor -  
d i n a t e d  sys tem;  o n l y  i n  t h i s  way can  c o n s i s t e n t  r e s u l t s  be  pro-  
duced. When a t t e m p t i n g  t h i s  l i n k a g e  c e r t a i n  mathemat ica l  and 
computer s o f t w a r e  problems o f t e n  o c c u r  and t h e s e  problems a r e  
t h e  s u b j e c t  o f  t h i s  p a p e r .  It i s  t h e  f i r s t  of  a  s e r i e s  o f  a r t i -  
c l e s  f o c u s s i n g  on ' s o f t w a r e  f o r  r e g i o n a l  deve lopment ' ,  whose pur-  
pose i s  t o  d i s s e m i n a t e  t h e  r e s u l t s  o f  r e s e a r c h  on t h i s  t o p i c  
under taken  a t  IIASA. 
B o r i s  I s s a e v  
Leader  
Regional  Development 
Group 
August 1 9 8 2  
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ABSTRACT 
This paper descr ibes  an approach t o  analyzing how the  
balanced s t a t e s  of a  m u l t i c r i t e r i a  model depend on t he  values 
of exogenous parameters. I t  provides,  cons i s t en t  with t he  
model c r i t e r i a ,  an algorithm t h a t  chooses the optimal form 
of the  Pareto s e t .  A s  an example, the  paper expla ins  t he  use 
of the  approach f o r  a  regional  water -d is t r ibut ion  model. 
- v i i  - 

SUMMARY 
The problems o f  i n v e s t i g a t i n g  how t h e  e q u i l i b r i u m  s t a t e s  
o f  a  sys tem depend on e x t e r n a l  c o n d i t i o n s  have  been i n v e s t i g a t e d  
f o r  c e n t u r i e s .  The mathemat ica l  t h e o r y  o f  s e n s i t i v i t y  was 
developed and h a s  been used e f f e c t i v e l y  i n  many a p p l i e d  problems 
i n  mechanics,  p h y s i c s ,  and s o  on .  
Recen t ly  new problems--close t o  t h e  t r a d i t i o n a l  ones--have 
become of g r e a t  i n t e r e s t .  However, t h e  main f e a t u r e  of  t h e s e  
problems i s  t h a t  t h e i r  e q u i l i b r i u m  p o i n t s  a r e  c o n s t r a i n e d  
ext rema,  a  f a c t  t h a t  makes it i m p o s s i b l e  t o  u s e  t h e  c l a s s i c a l  
t o o l s  o f  t h e  t h e o r y  o f  s e n s i t i v i t y .  
Regional  s t u d i e s  have been an  i m p o r t a n t  a r e a  i n  which such 
problems have a r i s e n .  I n  c o n t r a s t  w i t h  t h e  approach t o  g l o b a l  
problems,  t h e  approach t o  r e g i o n a l  problems c o n s i d e r s  t h e i r  
i n t e r a c t i o n s  w i t h  t h e  e x t e r n a l  envi ronment ,  which c a n n o t  b e  
changed by p r o c e s s e s  w i t h i n  t h e  r e g i o n a l  sys tem.  T h e r e f o r e ,  
one o f  t h e  most i m p o r t a n t  problems i n  r e g i o n a l  a n a l y s i s  i s  t o  
s t u d y  how t h e  o p t i m a l  s t a t e s  o f  t h e  r e g i o n a l  sys tem depend on 
i t s  e x t e r n a l  c o n d i t i o n s .  
The r e g i o n a l  sys tem,  a s  i s  t h e  c a s e  f o r  any sys tem w i t h  
open i n p u t s  and o u t p u t s ,  nay have i t s  own i n t e r n a l  f u n c t i o n a l  
c r i t e r i a ,  which, a s  a  r u l e ,  a r e  n o t  e q u i v a l e n t  t o  e x t e r n a l  
( o r  ' n a t i o n a l ' )  c r i t e r i a .  Hence, r e g i o n a l  problems have a  
m u l t i c r i t e r i a  c h a r a c t e r .  T h i s  i s  why p a r a m e t r i c  a n a l y s i s  o f  
m u l t i c r i t e r i a  o p t i m i z a t i o n  i s  an i m p o r t a n t  a s p e c t  o f  r e g i o n a l  
s t u d i e s .  
The purposes  o f  t h i s  paper  a r e :  
o  t o  i n v e s t i g a t e  how t h e  e q u i l i b r i u m  s t a t e s  of  m u l t i -  
c r i t e r i a  models depend on v a l u e s  of  t h e i r  exogenous 
p a r a m e t e r s  ; 
o to consider the opportunities for finding values of 
these parameters that are optimal in some appropriate 
sense (such as supplying the Pareto set with a form 
that minimizes the 'distance' between the equilibrium 
point and the 'ideal' point). 
This work is based on many sources; however, I would like 
to emphasize the important role of the ideas of the minimax 
approach (Fedorov 1979) and the methods of multicriteria 
optimization (Wierzbicki 1 9 7 9 )  . 
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1 .  INTRODUCTION 
I n  a  q u a l i t a t i v e  e v a l u a t i o n  of  t h e  s t a t e s  o f  a  sys tem u s i n g  
s e v e r a l  c r i t e r i a ,  we u s u a l l y  f i n d  a t  t h e  f i r s t  s t a g e  o f  t h e  
i n v e s t i g a t i o n  t h o s e  s t a t e s  t h a t  a r e  a  compromise between a l l  
t h e  e v a l u a t i o n s .  A p o i n t  o f  t h e  P a r e t o  s e t  f o r  a  g i v e n  m u l t i -  
o b j e c t i v e  model c a n  b e  c o n s i d e r e d  a s  an  example o f  t h i s  compro- 
mise.  The way i n  which w e  proceed a t  t h e  second s t a g e  o f  t h e  
i n v e s t i g a t i o n  depends upon i t s  s p e c i f i c  aims.  However, a  problem 
t h a t  f r e q u e n t l y  o c c u r s  and shou ld  be  s o l v e d  a t  t h i s  s t a g e  i s  
how t h e s e  compromise s t a t e s  depend on t h e  v a l u e s  o f  t h e  model 
p a r a m e t e r s .  
T h i s  paper  d e s c r i b e s  a  method f o r  d e t e r m i n i n g  how t h e  
e q u i l i b r i u m  p o i n t s  move a s  a  r e s u l t  of  ( n o t  n e c e s s a r i l y  s m a l l )  
changes  t o  t h e  p a r a m e t e r  v a l u e s .  We a r e  t h e n  a b l e  t o  f i n d  t h o s e  
v a l u e s  f o r  which t h e  e q u i l i b r i u m  p o i n t  h a s  d e s i r a b l e  p r o p e r t i e s .  
The major  d i f f i c u l t y  a s s o c i a t e d  w i t h  t h e  problem i s  t h a t  it 
c a n n o t  b e  s o l v e d  i n  a  d i r e c t  way u s i n g  c l a s s i c a l  methods of 
u n c o n s t r a i n e d  o p t i m i z a t i o n  o r  s e n s i t i v i t y  a n a l y s i s .  W e  demon- 
s t r a t e  t h i s  w i t h  a n  example.  
L e t  us  f i n d  a  compromise u se  o f  a  r e s o u r c e  u n i t  i n  a  sys tem 
d e s c r i b i n g  two t e c h n o l o g i c a l  p r o c e s s e s .  The p roduc t i on  l e v e l s  
a r e  r e l a t e d  t o  t h e  g iven  volumes o f  t h e  r e s o u r c e  a s  fo l l ows :  
where u  i s  t h e  volume o f  t h e  r e sou rce  f o r  t h e  f i r s t  p r o c e s s .  For 
each v e c t o r  of  o u t p u t ,  x  = 1 x  ; x2 1 1 ,  t h e r e  a r e  two c r i t e r i a  f o r  
e v a l u a t i n g .  i t s  q u a l i t y :  
which may be t r e a t e d  c o n v e n t i o n a l l y  a s  p r o f i t s  on two d i f f e r e n t  
markets  . 
L e t  us  s p e c i f y  a  m u l t i c r i t e r i a  mathemat ica l  model o f  t h e  
system: f o r  a  se t  of p a i r s  o f  numbers I [  x l ;  x2 I(, s u b j e c t  t o :  
f o r  a  g iven  u ,  maximize t h e  o b j e c t i v e s :  
The model i s  p r e s e n t e d  i n  g r aph i c  form i n  F igure  1 .  L e t  
* * 
f l  and f 2  be t h e  . o p t i m a l  ( f o r  each c r i t e r i o n )  va lue s  o f  t h e  ob jec -  
t i v e s  f l  and f 2 ,  r e s p e c t i v e l y .  I t  i s  t hen  obvious  t h a t  
* 
f 1  = 2u, o r  x  = ( 1  u  ; 0  ( 1  and 
* 
f 2 =  3(1 - u ) ,  f o r  x =  110 ; 1 - u ( [  . 
A s  a  compromise between t h e s e  two s o l u t i o n s ,  we choose a  
f e a s i b l e  s t a t e  f o r  which r e l a t i v e  d e v i a t i o n s  in t h e  v a l u e s  o f  t h e  
c r i t e r i a  ( w i t h  r e s p e c t  t o  t h e i r  i d e a l  v a l u e s )  a r e  e q u a l  and a s  
smal l  a s  2 o s s . i b l e .  I n  o t h e r  words,  i t  i s  n e c e s s a r y  t o  minimize 
t h e  v a l u e  o f  t h e  c o e f f i c i e n t  o f  i n c o n s i s t e n c y  p: 
f o r  t h e  s e t  o f  a l l  f e a s i b l e  x ,  o r  t o  s o l v e  t h e  f o l l o w i n g  l i n e a r  
programming problem. 
Minimize, wi th  r e s p e c t  t o  ( 1  p ; x ,  ; x2 / I , t h e  v a l u e  o f  
t h e  c o e f f i c i e n t  o f  i n c o n s i s t e n c y  p ,  s u b j e c t  t o :  
0 5 p 5 1  . ( 3 )  
The s o l u t i o n  o f  problem ( 3 )  can . e a s i l y  be found u s i n g  t h e  fo l low-  
i n g  arguments  ( s e e  F i g u r e  2 ) .  
For a  g i v e n  u ,  t h e  s e t  o f  p o i n t s  t h a t  a r e  s o l u t i o n s  t o  t h e  
s e t  of  i n e q u a l i t i e s  : 
I O l x  1 - u  , 2  
i s  on t h e  i n t e r s e c t i o n  o f  t h e  shaded cone w i t h  v e r t e x  M and t h e  
r e c t a n g l e  OABC. I f  t h e  v a l u e  of  p i s  d e c r e a s e d ,  p o i n t  M 
F i g u r e  1  . A r e p r e s e n t a t i o n  o f  model ( 1  ) - ( 2 )  . 
2 
F i g u r e  2 .  A r e p r e s e n t a t i o n  of  problem ( 3 ) .  
moves a l o n g  OD t owards  D l  which i s  t h e  p o i n t  o f  i d e a l  c o n s i s -  
t e n c y  be tween f l  and f 2  ( w i t h  p  = 0 ) .  
The minimal  v a l u e  o f  p ,  f o r  which sys t em ( 4 )  i s  s t i l l  
f e a s i b l e ,  i s  d e f i n e d  by t h e  i n t e r s e c t i o n  o f  OD and ABC. Note 
t h a t  t h e  l i n e  ABC i s  t h e  g e o m e t r i c a l  image o f  t h e  P a r e t o  se t  
f o r  nmdel ( 1  ) - ( 2 )  . 
I n  s o l v i n g  s y s t e m  ( 4 )  w i t h  r e s p e c t  t o  v ,  x l  , and x 2  f o r  
d i f f e r e n t  v a l u e s  o f  t h e  p a r a m e t e r  u ,  w e  f i n d  t h a t  problem ( 3 )  
i s  i n f e a s i b l e  f o r  a l l  u  < 0. For 0  5 u  5 3 - 6, i t  h a s  t h e  
s o l u t i o n :  
Fo r  3 - G < u  5 1 ,  it h a s  t h e  s o l u t i o n :  
For  u  > 1 ,  a g a i n  t h e r e  i s  no s o l u t i o n .  
I f  w e  c o n s i d e r  t h e  o p t i m a l  v a l u e  o f  p a s  a  f u n c t i o n  o f  u  
( f o r  0  I u  I 1 )  (see F i g u r e  3 ) ,  it i s  e v i d e n t  t h a t  it h a s  a  
* 
minimal  v a l u e  a t  u  = 3 - 6 0.5505.  The i n c o n s i s t e n c y  h e r e  
e q u a l s  ( 4  - 6 ) / ( 4 6  - 6) = 0 .4825 ,  s o  t h a t  b o t h  c r i t e r i a  o f  t h e  
model c a n  be up t o  51 .75% c o n s i s t e n t  w i t h  t h e  v e c t o r  o f  t h e  
p r o d u c t i o n  l e v e l  : 
Figure 3 .  The dependence of  o ~ t i r n a l  p on u f o r  problem ( 3 ) .  
F i n a l l y ,  it i s  c l e a r  t h a t  c l a s s i c a l  methods o f  smooth 
* 
o p t i m i z a t i o n  c a n n o t  b e  used t o  e v a l u a t e  u  because  o f  t h e  non- 
* 
d i f f e r e n t i a b i l i t y  o f  ! J (u )  a t  u  . 
I n  g e o m e t r i c a l  t e r m s ,  m i n i m i z a t i o n  o f  t h e  i n c o n s i s t e n c y  
by choos ing  t h e  v a l u e s  f o r  t h e  exogenous p a r a m e t e r s  o f  t h e  
model may be  t r e a t e d  a s  an  o p t i m i z a t i o n  of  t h e  form o f  t h e  
P a r e t o  s e t  i n  o r d e r  t o  minimize a  ' d i s t a n c e '  between t h e  s e t  
and t h e  i d e a l  p o i n t  of c o n s i s t e n c y .  
The m e t r i c  may b e  chosen ,  f o r  example,  by l e t t i n g  t h e  
d i s t a n c e  between t h e  set  o f  f e a s i b l e  p o i n t s  o f  t h e  model and 
t h e  i d e a l  p o i n t  D be ( s e e  F i g u r e  4 ) .  
where 
B 1 1  X ,  ; X; 1 1  = 1 1  u ; 1 - u  I /  and 
S u b s t i t u t i n g  t h e s e  a t  S ,  w e  f i n d :  
I t  f o l l o w s  t h a t  t h e  minimum d i s t a n c e  i s  r eached  a t  u  = 1 .  
The o p t i m a l  form o f  t h e  P a r e t o  s e t  ( i n  t h e  s e n s e  o f  t h e  chosen 
m e t r i c )  i s  t h e  segment  {O i x  i 1 ; x2 = 0 1 .  1 
I t  i s  obv ious  t h a t  t h e  method demons t ra t ed  f o r  model 
( 1 )  - ( 2 )  i s  n o t  a p p l i c a b l e  f o r  problems o f  r e a l  v a l u e .  The 
dependence !J ( u )  c a n n o t  be found i n  an e x p l i c i t  form f o r  most  
p r a c t i c a l  problems.  The u s e  o f  n u m e r i c a l  t e c h n i q u e s  s u c h ' a s  
t h e  T a y l o r  a p p r o x i m a t i o n  i s  s t r o n g l y  l i m i t e d  by t h e  u n d e s i r a b l e  
p r o p e r t i e s  o f  !J ( u )  , which a r e  i n d e f i n i t e  f o r  any u  and non-di f -  
f e r e n t i a b l e  f o r  t h o s e  u  where !J ( u )  i s  d e f i n e d .  
Fi gu re  4 .  The dependence o f  t h e  d i s t a n c e  betweeq t h e  P a r e t o  
s e t  and t h e  i d e a l  p o i n t  on u. 
Th i s  paper  d e s c r i b e s  a  numer ica l  a l g o r i t h m  t h a t  p e r m i t s  us 
t o  s o l v e  t h e  problem o f  p a r a m e t r i c a l  a n a l y s i s  f o r  m u l t i c r i t e r i a  
models.  The method i s  based on changing t h e  i n i t i a l  problem 
t o  an e q u i v a l e n t  one ( i n  t h e  s e ns e  o f  t h e  s o l u t i o n ) ,  which ha s  
p r o p e r t i e s  t h a t  a l l o w  us  t o  use  any of  t h e  c l a s s i c a l  schemes 
of s e n s i t i v i t y  a n a l y s i s .  
2 .  PARAMETRICAL ANALYSIS OF NONLINEAR MODELS 
2 . 1 .  Sta tement  of t h e  Problem 
L e t  us c o n s i d e r  a  m u l t i c r i t e r i a  model, t h e  ' s t a t e  o f  which 
i s  d e s c r i b e d  by means o f  a  v e c t o r  of  v a r i a b l e s  x E E n  and a  
v e c t o r  of  exogenous pa ramete r s  u  E R C E L .  
I n  te rms o f  t h e s e  v e c t o r s  t h e  model d e s c r i p t i o n  i s  reduced 
t o  a  d e f i n i t i o n  o f  i t s  c o n s t r a i n t s ,  d e l i m i t i n g  f e a s i b l e  s t a t e s  
o f  t h e  model 
y s ( x l  u.) 2 0 , s = [ 1  ,nil. and ( 5 )  
a se t  of  c r i t e r i a  e v a l u a t i n g  t h e  q u a l i t y  of  t h e s e  s t a t e s :  
maximize w i t h  r e s p e c t  t o  x ,  f k ( x , u )  , k  = [1,N] . 
W e  assume t h a t  a l l  t h e  f u n c t i o n s  y  ( x , u )  and f k ( x , u )  a r e  s u f f i -  
S 
c i e n . t l y  smooth w i t h i n  t h e i r  domain of  d e f i n i t i o n .  
* 
L e t  f  b e  t h e  o p t i m a l  v a l u e  of  t h e  o b j e c t i v e  f o r  t h e  f o l l o w -  k  
i n g  mathemat ica l  programming problem: 
maximize f k ( x , u )  w i t h  r e s p e c t  t o  x  , 
s u b j e c t  t o  y S ( x , x )  -2 0 , s = [1 ,m] . (6) 
W e  a r e  now a b l e  t o  d e f i n e  t h e  c o e f f i c i e n t  o f  i n c o n s i s t e n c y  p 
f o r  a  f e a s i b l e  s t a t e  x  o f  model ( 5 )  a s  
f k ( u )  - f k ( x I u )  
p ( x , u )  = max 
k  I * * a b s i f k ( u )  
* 
The p o i n t  x  w i l l  be used a s  t h e  e q u i l i b r i u m  p o i n t ,  such 
t h a t  
Note t h a t  t h e  u s e  o f  a b s o l u t e  v a l u e s  a l l o w s  us  t o  make no 
* * 
d i s t i n c t i o n  between c a s e s  f k ( u )  > 0 and f k ( u )  < 0 .  However, 
* 
t h e  c a s e  when f  = 0 must  be exc luded .  k  
According t o  t h e  d e f i n i t i o n  g iven above,  t h e  p rocedure  f o r  
f i n d i n g  t h e  e q u i l i b r i u m  s t a t e  f o r  model ( 5 )  can be  viewed i n  
t e r m s  o f  t h e  f o l l o w i n g  mathemat ica l  programming problem: 
minimize  t h e  v a l u e  of  IJ w i t h  r e s p e c t  t o  1 1  u ; x l l  , 
s u b j e c t  t o  y s ( x , u )  2 0 ,  s = [ l ,m],  and R k ( u  , x , u )  2 0  , 
* * 
where R k ( u I x I u )  = f k ( x . u )  + u a b s ( f k ( u ) )  - f k ( u )  I 
T h i s  problem i s  a n  u n u s u a l  one b e c a u s e  t h e  problem s t a t e m e n t  
* 
i n c l u d e s  v a l u e s  o f  f  ( u )  d e f i n e d  by t h e  s o l u t i o n s  o f  problems ( 6 ) , .  k  
Flow l e t  us  c o n s i d e r  a  problem o f  p a r a m e t r i c a l  a n a l y s i s  f o r  
model ( 5 ) .  W e  w i l l  examine t h e  d e ~ e n d e n c e  o f  t h e  o p t i m a l  v a l u e  
o f  IJ o n  t h e  v e c t o r  o f  exogenous p a r a m e t e r s  u .  
* 
Suppose t h a t  w e  f i n d  a  v e c t o r  u  , such  . t h a t  
* a rgmin  ' * 
U = uEfl p  ( u )  I 
* 
where R C E~ i s  a  set  o f  considered u .  I n  f o r m a l  terms, u  i s  t h e  
s o l u t i o n  o f  t h e  problem:  
minimize  t h e  v a l u e  o f  p  w i t h  r e s p e c t  t o  [ I  p;x ;  ull , 
s u b j e c t ' t o  y s ( x , u )  2 0 I s = [ l  , m ]  ; 
and u  E 52 . 
Although t h e  s t a t e m e n t s  o f  ( 7 )  and ( 8 )  a p p e a r  t o  be s i m i l a r ,  
t h e  l a t t e r  problem i s  c o n s i d e r a b l y  more complex. F i r s t ,  p roblem 
( 7 )  i s  l i n e a r ,  i f  a l l  f u n c t i o n s  f k  and ys a r e  a l s o  l i n e a r ,  b u t  
problem ( 8 )  is  a lways  n o n l i n e a r .  s e c o n d ,  s t a t e m e n t  (8) c o n t a i n s  
* 
f k  ( u )  , which are n o t  d e f i n e d  f o r  a l l  u  and are n o t  d i f f e r e n t i a b l e ,  
even  i f  a l l  f k  and y  a r e  d e f i n e d  and d i f f e r e n t i a b l e .  F i n a l l y ,  
S 
t h e  d imens ion  o f  problem ( 8 )  i s  g r e a t e r  b e c a u s e  a l l  components 
o f  u  a r e  unknown. 
The d e s c r i b e d  approach  e s s e n t i a l l y  c o n s i s t s  i n  s o l v i n g  pro-  
blem ( 8 )  i n  a n  i n d i r e c t  way. The f o l l o w i n g  t w o - l e v e l  i t e r a t i v e  
* 
scheme is  s u g g e s t e d  a s  a  means o f  e v a l u a t i n g  u  . 
A t  e a c h  s t e p  o f  t h i s  p r o c e s s  v e c t o r  u  i s  f i x e d ;  t h i s  p e r -  
m i t s  u s  t o  r e t u r n  t o  t h e  s i m p l e r  problem ( 7 ) .  Then u s i n g  
a  s p e c i a l  a n a l y t i c a l  p r o c e d u r e  f o r  s o l v i n g  ( 7 )  f o r  t h e  g i v e n  u ,  
* 
a  b e t t e r  a p p r o x i m a t i o n  o f  u  i s  found .  I f  n e c e s s a r y ,  t h e  
p r o c e s s  i s  r e p e a t e d  s e v e r a l  t i m e s .  T h i s  approach  i s  d e s c r i b e d  
i n  d e t a i l  below. I t  s h o u l d  b e  n o t e d  t h a t  it i s  i m p o s s i b l e  t o  
l i n k  components o f  x  and u  i n  a  common v e c t o r ,  s i n c e  t h i s  would 
c r e a t e  a  d i f f e r e n t  problem,  which w i l l  have  a n o t h e r  i n t e r p r e -  
t a t i o n .  
I t  h a s  a l r e a d y  been  shown t h a t  t h e  methods based  on t h e  
T a y l o r  a p p r o x i m a t i o n  c a n n o t  be  used  d i r e c t l y  t o  s o l v e  problems 
s u c h  a s  ( 8 ) ,  b e c a u s e  o f  t h e  i n d e f i n i t e n e s s  and n o n d i f f e r e n t i a -  
b i l i t y  o f  p ( u )  . To overcome t h e s e  d i f f i c u l t i e s ,  an  approxima- 
t i o n  o f  P ( u )  , ( u )  , i s  used .  I t  h a s  t h e  f o l l o w i n g  
p r o p e r t i e s :  
-- it i s  u n i q u e l y  d e f i n e d  f o r  a l l  u  E E ~ ;  
-- it i s  d i f f e r e n t i a b l e  f o r  a l l  u  E E=; 
-- it i s  c l o s e  t o  p ( u )  i n  t h e  s e n s e  o f  a  m e t r i c  wherever  
p ( u )  i s  u n i q u e l y  d e f i n e d .  
The main problem i s  t o  f i n d  t h i s  new f u n c t i o n  G ( u ) ,  
which s h o u l d  b e  c o n v e n i e n t  for  p r a c t i c a l  u s e .  I n  t h e  proposed  
approach ,  t h e  approx ima te  s o l u t i o n  o f  problem ( 7 ) ,  found by t h e  
Smooth P e n a l t y  F u n c t i o n  Method --SPEW ( F i a c c o  and McCormick 1 9 6 8 ) ,  
I\ 
i s  used  f o r  p ( u ) .  
2 . 2 .  The Smooth P e n a l t y  F u n c t i o n  Method 
The s o l u t i o n  o f  problem ( 6 )  by means o f  SPFM c o n s i s t s  
i n  u n c o n s t r a i n e d  m i n i m i z a t i o n  o f  t h e  a u x i l i a r y  f u n c t i o n  
where f u n c t i o n  P ( T , a ) ,  u s u a l l y  r e f e r r e d  t o  s t h e  p e n a l t y  function, 
i s  d e f i n e d  f o r  a l l  T > 0 and a l l  a  and s a t i s f i e s  t h e  r e l a t i o n  
F o l l o w i n g  f rom t h e  known p r o p e r t i e s  o f  SPFM, p o i n t  2 ( T , u )  , a t  k  
which  f u n c t i o n  ( 9 )  h a s  i t s  minimum i . e .  
argmin  
~ , ( T , u )  = x E k ( T l x l u )  I 
e x i s t s  f o r  a l l  u .  
S u b j e c t  t o  a d d i t i o n a l  weak c o n s t r a i n t s  on P ( T , a )  ( F i a c c o  
and  McCormick 1 9 6 8 ) ,  p o i n t w i s e  c o n v e r g e n c e  w i l l  t a k e  p l a c e :  
* 
where  f k ( u )  e x i s t s .  
2P a  I f ,  moreove r ,  t h e  P ( T , a )  i s  s u c h  t h a t  - = F(? ; ) ,  i . e . ,  the  
aa  
f i r s t  p a r t i a l  d e r i v a t i v e  o f  P  w i t h  r e s p e c t  t o  a  depends  o n l y  on  
t h e  r a t i o  a /T,  t h e n  u n i f o r m  c o n v e r g e n c e  w i l l  a l s o  t a k e  p l a c e :  
* f o r  a l l  u ,  where  f k  ( u )  i s  u n i q u e l y  d e f i n e d .  I f ,  a s  a  r e s u l t  
a~ a  
o f  t h e o r e m  ( 4 )  (Umnov 1974)  , t h e  c o n d i t i o n  - = F(-) i s  s u f f i c i e n t  
aa  T 
f o r  v a l i d a t i n g  t h e  f o l l o w i n g  T a y l o r  a p p r o x i m a t i o n :  
* 
where a b s ( A k ( u ) )  I C < +co f o r  t h o s e  u ,  where x k ( u ) ,  t h e  e x a c t  
s o l u t i o n  o f  ( 6 )  , i s  u n i q u e l y  d e f i n e d .  The res t  t e r m  o ( T )  i s  
t r e a t e d  h e r e  i n  t h e  u s u a l  s e n s e :  
l i m  o ( T )  - 
- -  T-'+ 0 T 
From t h e  above ,  w e  h a v e :  
* rnax I X k ( ~ , ~ )  - x k ( u )  1 2 k { a b s ( ~ ~ ( u ) ) }  T + a b s ( o ( T ) )  , 
which proves t h e  f a c t  o f  u n i f o r m  c o n v e r g e n c e .  
Note t h a t  n o t  a l l  t h e  mos t  f r e q u e n t l y  u sed  p e n a l t y  func -  
t i o n s  s a t i s f y  t h i s  c o n d i t i o n .  F o r  example ,  f rom t h e  f o l l o w i n g  
se t  o f  f u n c t i o n s :  
o n l y  t h e  f i r s t ,  s e c o n d ,  and  f i f t h  have  t h e  p r o p e r t y .  
Now, l e t  u s  c o n s i d e r  t h e  p rob lem o f  d i f f e r e n t i a b i l i t y  w i t h  
' r e s p e c t  t o  u  o f  t h e  f u n c t i o n s  x k ( T , u ) .  L e t  u s  s u p p o s e  t h a t  
f u n c t i o n s  f k  ( x ,  u )  , yS ( x , u )  , and  P ( T  , ct ) a r e  t w i c e  c o n t i n u o u s l y  
d i f f e r e n t i a b l e .  Then xk ( T , u )  w i l l  be  i m p l i c i t l y  d e f i n e d  b y  t h e  
e q u a t i o n :  
- 
g r a d  E k ( T , x k ( T , u )  , u )  
X 
I n  a p p l y i n g  t h e  known ' i m p l i c i t  f u n c  t ions  t heo rem '  t o  ( 10)  , 
w e  can  p r o v e  t h e  c o n t i n u o u s  d i f f e r e n t i a b i l i t y  o f  t h e  f u n c t i o n  
- 
x k ( T , u )  
- 
A s  a  r e s u l t ,  t h e  func t ions  -Ek (T ,  x  ( T , u )  , u )  a r e  c o n t i n u o u s l y  
* 
d i f f e r e n t i a b l e  f o r  a l l  u  and  We c l o s e  t o  f k  ( u )  i n  t h e  domain 
o f  i t s  d e f i n i t i o n  i n  t h e  s e n s e  o f  u n i f o r m  c o n v e r g e n c e .  
2 . 3 .  The G e n e r a l  Scheme o f  P a r a m e t r i c  A n a l y s i s  f o r  M u l t i c r i t e r i a  
Models 
I t  i s  n a t u r a l  t o  u s e  SPFM t o  c a l c u l a t e  p ( u )  . However, 
t h e  d i r e c t  u s e  o f  t h i s  method i n  ( 7 )  d o e s  n o t  g i v e  an  a p p r o x i -  
m a t i o n  o f  p ( u )  w i t h  d e s i r a b l e  p r o p e r t i e s ,  b e c a u s e  t h e  s t a t e -  
ment o f  ( 7 )  c o n t a i n s  ( i n  c o n t r a s t  t o  ( 6 ) )  nonsmooth f u n c t i o n s  
* f k ( u ) .  Hence,  t h e  i m p l i c i t  f u n c t i o n s  t h e o r e m  c a n n o t  b e  a p p l i e d  
h e r e .  
T h i s  d i f f i c u l t y  can  b e  overcome by c h a n g i n g  t h e  s t a t e m e n t  o f  
* 
( 7 )  . Namely, w e  s h o u l d  s u b s t i t u t e  -Ek(T ,Gk(T ,u )  , u )  f o r  f k ( u )  i n  
t h e  R f u n c t i o n s .  The i m p l i c i t  f u n c t i o n s  t heo rem c a n  now be  
a p p l i e d  i n  s o  f a r  a s  -Ek ( T I  Zk ( T I  u) , u) s a t i s f i e s  a l l  t h e  r e q u i r e -  
ments  of  t h e  theorem.  
N a t u r a l l y ,  t h e  i n f l u e n c e  of  t h e  e r r o r  produced by SPFM 
s h o u l d  be t a k e n  i n t o  a c c o u n t .  The problem o f  a c c u r a c y  w i l l  be  
c o n s i d e r e d  i n  d e t a i l  i n  s e c t i o n  2 . 5 .  Here, w e  o n l y  n o t e  t h a t  
t h i s  s m a l l  d i s t u r b a n c e  i n  ( 7 )  d o e s  n o t  g i v e  any a d d i t i o n a l  d i f -  
f i c u l t i e s .  
To s i m p l i f y  t h e  n o t a t i o n ,  w e  s u b s t i t u t e  Ek ( u )  f o r  
Ek ( T I  Gk ( T I  u) , u) . L e t  us  a p p l y  SPFM t o  t h e  above m o d i f i c a t i o n  o f  
( 7 )  . W e  s h o u l d  t h e n  minimize t h e  f o l l o w i n g  a u x i l i a r y  f u n c t i o n :  
where 
- 
vk = f  ( x , u )  + p a b s  ( E k ( u ) )  + E k ( u )  . k  
W e  w i l l  d e n o t e  t h e  minimum p o i n t  o f  f u n c t i o n  ( 1 1 )  a s  
1 1  ;I : G 1 1  and 
min A  A  A  & ( p , x , u )  = E ( v * ,  X I U )  = E: ( u )  I 1  U : x  II 
According  t o  a s sumpt ions  a b o u t  t h e  smoothness o f  f u n c t i o n s  
- A A  
f k ,  y k ,  E k ,  and P ,  t h e  p o i n t  1 1  u ; x/ l  s h o u l d  s a t i s f y  t h e  e q u a t i o n  
o f  s t a t i o n a r i t y  : 
g r a d  E ( ~ , x )  = 0 . I1 U : xll 
h A  
The f i r s t  component o f  t h e  v e c t o r  1 1  p ; X I [  may be used t o  
a n a l y z e  t h e  dependence o f  t h e  e q u i l i b r i u m  s t a t e  on  t h e  v e c t o r  o f  
exogenous p a r a m e t e r s  o f  t h e  model .  However, f o r  p r a c t i c a l  pur-  
h  
poses it is rmre c o n v e n i e n t  t o  u s e  E ( u )  a s  t h e  d e s i r a b l e  approxima- 
* 
t i o n  o f  u ( u ) ,  r a t h e r  t h a n  % ( u ) .  An e x p l a n a t i o n  i s  g i v e n  below. 
* 
A t  f i r s t ,  t h e  d i f f e r e n c e  between E^(u) and p ( u )  i s  a l s o  s m a l l .  
According t o  a  p rope r ty  of SPFM, t h e  a b s o l u t e  va lue  of t h e  sum 
h 
c a l c u l a t e d  a t  t h e  p o i n t  ( 1  p ; xll should be smal l  f o r  a l l  those  
u  a t  which t h e  model i s  s t i l l  f e a s i b l e .  Moreover, it i s  p o s s i b l e  
t o  ensure  uniform proximity  of (u )  t o  I; (u )  i n  t h e  s e t  of  f e a s i -  
b i l i t i e s  of  t h e  model. 
A 
The main advantage of us ing  ~ ( u )  i s  t h a t  it has  much g r e a t e r  
va lues  o u t s i d e  t h e  domain o f  f e a s i b i l i t y  t han  i ( u ) .  A s  a  r e s u l t ,  
t h e  process  of minimizing E(u)  i s  s imp le r  t han  t h a t  of minimizing 
A 
u  . This  advantage i s  wel l  demonstrated i n  Figure.  5 .  I n  t h i s  
ca se  t h e  q u a d r a t i c  pena l ty  func t ion  
was used with  T = 0.1.  Analogous curves  wi th  T = 0 . 0 1  a r e  shown 
i n  Figure  6 .  ~ ( u )  was de f ined  a s  equa l  t o  1 o u t s i d e  t h e  domain 
of  i t s  d e f i n i t i o n .  
I n  t h e  proposed approach t h e r e  a r e  no c o n s t r a i n t s  on t h e  use  
h 
of  a  scheme f o r  minimizing ~ ( u )  a s  long a s  t h i s  scheme i s  based on 
a  Taylor approximat ion.  Methods of l i n e a r  and q u a d r a t i c  approxi-  
mation a r e  f r e q u e n t l y  used i n  p r a c t i c e .  I n  t h e s e  c a s e s ,  i n  addi-  
t i o n  t o  t h e  va lue  o f  E ( u ) ,  we must c a l c u l a t e  va lues  of  t h e  f i r s t  
and second p a r t i a l  d e r i v a t i v e s  a t  each p o i n t  u. 
A s p e c i f i c  f e a t u r e  o f  t h i s  c a l c u l a t i o n  i s  t h a t  depends on 
u  both  e x p l i c i t l y  and i m p l i c i t l y :  
According t o  t h e  ' c h a i n  r u l e ' :  
h 
a &  a p  n  ax + - -  a E j  + C -- f o r  a l l  r = [ 1  , L l  . 
a~ aur j=, axj  aur . I  


h h 
Taking  i n t o  a c c o u n t  t h a t  t h e  v e c t o r s  x ( u )  and 1 ; x  1 a r e  k 
p o i n t s  o f  s t a t i o n a r i t y  o f  t h e  a u x i l i a r y  f u n c t i o n s  E and E ,  k 
r e s p e c t i v e l y ,  w e  o b t a i n  a s  a  r e s u l t  o f  ( 1 0 )  and ( 1 2 ) ,  which a r e  
i n  s c a l a r  form: 
aEk = o  I i =  
ax, [ l , n l  , k = [ 1 , N 1  , 
t h e  f o l l o w i n g  e x p r e s s i o n  f o r  components o f  Sradu; : 
S u b s t i t u t i n g  t h i s  e x p r e s s i o n  f o r  Ek and E ,  w e  f i n d  
where a l l  d e r i v a t i v e s  a r e  c a l c u l a t e d  a t  p o i n t  xk. S i m i l a r i l y ,  
h h  
f o r  ( 1  p ;  x I I  
and f i n a l l y  
where 
s i g n  (a) = 
1 ,  f o r a >  0 
0 ,  f o r a =  0 . 
- 1 ,  f o r a <  0 
Fol lowing from ( 1  4 )  , i t  i s  n o t  n e c e s s a r y  t o  know t h e  s e n s i -  
t i v i t y  m a t r i c e s  
h 
t o  c a l c u l a t e  t h e  f i r s t  p a r t i a l  d e r i v a t i v e s  o f  E ( u )  , b u t  we 
A h  
must p r e d e t e r m i n e  p o i n t s  3. k and 1 1  y ; x 1 1  . 
By means o f  s i m i l a r  m o d i f i c a t i o n s ,  .ie can o b t a i n  e x p r e s s i o n s  
f o r  t h e  second p a r t i a l  d e r i v a t i v e s  o f  t h e  f u n c t i o n  ; ( u )  . W e  
p r e s e n t  t h e  r e s u l t s  w i t h o u t  a  d e t a i l e d  e x p l a n a t i o n .  
f o r  a l l  r = [1,L] and q = [ 1 , L l  . 
This  means t h a t  we must have s e n s i t i v i t y  m a t r i c e s  f o r  
h h 
X k ( u ) ,  ~ ( u ) ,  and x ( u )  i n  o r d e r  t o  e v a l u a t e  components of  t h e  
h e s s i a n  o f  E ( u ) ,  b u t  o n l y  t h o s e  o f  t h e  f i r s t  o r d e r .  
Elements  of  t h e s e  m a t r i c e s  can be found from sys tems  o f  
l i n e a r  e q u a t i o n s  r e s u l t i n g  from t h e  d i f f e r e n t i a t i o n  o f  ( 1 0 )  and 
where p o i n t  x  = x 
k 
A 
3; axill Ana logous ly ,  f o r  1 1  -. 
aur I r 
A A 
where p o i n t  ) I  p ; x l l .  
S i n c e  it i s  p o s s i b l e  t o  c a l c u l a t e  f o r  a l l  p o i n t s  u  t h e  v a l u e s  
A 
o f  E ( u ) ,  t h e  components o f  i t s  g r a d i e n t ,  and i t s  h e s s i a n ,  w e  a r e  
a b l e  t o  implement  any c o n s t r a i n e d  o p t i m i z a t i o n  a l g o r i t h m  t o  s o l v e  
A 
t h e  problem: minimize  E ( u )  , s u b j e c t  t o  u  E R. 
The method f o r  t a c k l i n g  t h i s  problem i s  chosen  on t h e  b a s i s  
o f  i t s  s p e c i f i c  f e a t u r e s ,  i . e .  on t h e  p r o p e r t i e s  o f  f u n c t i o n s  
f k ( x , u )  and y S ( x , u ) .  
2 .4 .  An Example 
L e t  u s  d e m o n s t r a t e  t h e  approach  d e s c r i b e d  above f o r  t h e  c a s e  
o f  t h e  s i m p l e  model (1  - 2  . A u x i l i a r y  f u n c t i o n s  ( 9 )  , con- 
s t r u c t e d  by means o f  t h e  q u a d r a t i c  p e n a l t y  f u n c t i o n ,  a r e  
where 
I t  i s  e a s y  t o  p rove  t h a t ,  f o r  u  E ( 0 , 1 ) ,  K l ( u )  = -2u - 2.5T and 
- 
E 2 ( u )  = - 3  + 3u - 5 T  t a k e  p l a c e .  
The i t e r a t i v e  p rocedure  for minimizing 2 ( u )  may b e  s t a r t e d  a t  
a  f e a s i b l e  p o i n t ,  u  = 0 . 1 ,  f o r  example. A u x i l i a r y  f u n c t i o n  ( 1 1  ) 
a t  t h i s  v a l u e  o f  t h e  pa ramete r  i s  
t h e  p e n a l t y  c o e f f i c i e n t  T w i l l  be t a k e n  a s  0.01 (see F i g u r e  6 ) .  
Having completed a l l  t h e  n e c e s s a r y  c a l c u l a t i o n s ,  w e  f i n d  
- t h a t  f o r  u  = 0 . 1 :  
A h A 
X 1  = 0.1146 ; x2 = 0.1984 ; p = 0.8242 ; 
A 
and ,  f i n a l l y ,  E = 0.8391 . 
The d e r i v a t i v e  a t  t h i s  p o i n t  i s  
S u b s t i t u t i n g  s p e c i f i c  v a l u e s ,  we have 
because  
I 
- -  and L - -2 - -  a u  - 3  . . au 
h 
T h i s  i n d i c a t e s  t h a t  we s h o u l d  i n c r e a s e  u  t o  minimize ~ ( u ) .  
L e t  u s  t a k e  a neTd approximation of u, s u c h  t h a t  t h e  s t r u c t u r e  
o f  t h e  se t  o f  a c t i v e  model c o n s t r a i n t s  w i l l  b e  changed .  F i r s t ,  
t h i s  o c c u r s  a t  u = 0 . 5 4 ,  when t h e  c o n s t r a i n t  x2  I 1 - u  becomes 
a c t i v e .  Hence u = 0.54 may b e  a  new t e s t  c a s e .  A t  t h i s  p o i n t  
~ u x i l i a r y  f u n c t i o n  ( 1 1 )  
Minimiz ing  (1  1 )  w i t h  r e s p e c t  t o  1 1  r t  ; x 1 1  , W e  g e t  
The f i r s t  p a r t i a l  d e r i v a t i v e  o f  i a t  u  = 0.54 w i l l  b e  
I n  n u m e r i c a l  t e r m s  t h i s  w i l l  b e  
A t  t h i s  i t e r a t i o n ,  we u s e  t h e  Newton method t o  i n c r e a s e  t h e  
a c c u r a c y .  W e  s h o u l d  make a p r e l i m i n a r y  c a l c u l a t i o n  o f  e l e m e n t s  
of t h e  h e s s i a n  u s i n g  ( 1 5 )  . 
From ( 1 6 ) :  
and t h e r e f o r e  a l l  e x p r e s s i o n s  
a r e  e q u a l  t o  z e r o .  From ( 1  7 )  w e  f i n d  t h a t  
S u b s t i t u t i n g  i n  ( 1  5 )  , w e  have  
According  t o  t h e  Newton method,  a  b e t t e r  a p p r o x i m a t i o n  o f  
A 
argmin  E ( u )  i s  g i v e n  by 
u  
A 
a~ a 2 Z  
u = u  - I 
0 au 
where u  i s  t h e  t e s t  p o i n t .  T h e r e f o r e ,  
0 
To check  t h e  e r r o r  made h e r e ,  c a l c u l a t e  t h e  g r a d i e n t  o f  
f o r  t h e  new u ,  u s i n g  f o r m u l a  ( 18) . W e  t h e n  have 
A 
a E and - - 
au - 
0.022 . 
F i n a l l y ,  n o t i c e  t h a t  t h e  minimum of  ; ( u )  i s  a p p r o x i m a t e l y  a t  
A 
u  = 0.54956,  i .e .  t h e  r e s u l t  migh t  be  a c c e p t a b l e .  
2 ; s .  Accuracy o f  t h e  Approach 
A 
I n  t h e  p roposed  approach  w e  minimize s ( u )  i n s t e a d  o f  P ( u )  , 
A 
s u b j e c t  t o  u  E R .  However, E ( u )  d i f f e r s  s l i g h t l y  from v ( u )  , 
b e c a u s e  o f  t h e  p r i n c i p a l  p r o p e r t i e s  o f  SPFM. W e  s h o u l d  e v a l u a t e  
t h e  r e s u l t s  o f  t h i s  e r r o r .  
I t  s h o u l d  be n o t e d  t h a t  s u b j e c t  t o  t h e  u s e  o f  t h e  p e n a l t y  
f u n c t i o n  P ( T , a )  , which s a t i s f i e s  t h e  p r o p e r t y  d e s c r i b e d  i n  s e c t i o n  
2 . 2 ,  page 1 2 ,  t h e  v a l u e  o f  t h e  e r r o r  w i l l  b e  p r o p o r t i o n a l  t o  T .  
T h i s  p r o v i d e s  u s  w i t h  a  b a s i s  f o r  making a n  i n i t i a l  e v a l u a t i o n .  
h 
F i g u r e  7 p r e s e n t s  v a l u e s  of p - p ( c u r v e  1  ) , p - 2 ( c u r v e  2 )  f o r  
h 
T = 0.01 and p - ( c u r v e  3 ) ,  p - E ( c u r v e  4 )  f o r  T = 0.001.  
T h i s  e r r o r  h a s  an i n f l u e n c e  on t h e  i t e r a t i v e  p rocedure  
h 
f o r  minimizing E ( u )  and d i s t o r t s  t h e  f i n a l  r e s u l t s ,  i . e .  
A 
produces  t h e  d i f f e r e n c e  between u* and u ,  where 
* argmin u -  = 
UGQ p ( u )  r 
and 
A argmin A 
u  = 
h 
I ts  i n f l u e n c e  o n  t h e  p rocedure  f o r  minimizing ~ ( u )  i s  o n l y  
i n t e r e s t i n g  from a  t h e o r e t i c a l  poin t -of -v iew because  o f  t h e  
i t e r a t i v e  n a t u r e  of  t h e  p r o c e d u r e ,  I n  o t h e r  words,  t h e r e  i s  no 
accumula t ion  o f  e r r o r s  i n  t h e  s t e p w i s e  p r o c e s s .  Only a few 
c h a r a c t e r i s t i c s  o f  t h e  p r o c e s s  w i l l  depend on T: f o r  example, 
t h e  t o t a l  number of  i t e r a t i o n s  r e q u i r e d .  For some c a s e s ,  it may 
be  reasonab l -e  t o  i n c r e a s e  t h e  - v a l u e  of  . a b s  ( z  ( u )  - p ( u )  ) i n  o r d e r  
t o  a c h i e v e  a  b e t t e r  convergence  f o r  t h e  p r o c e s s  o f  minimizing 
h 
E ( U )  
~t i s  more i m p o r t a n t  t o  determine t h e  v a l u e  of  1 1  - U* 1 1 .  I n  
p r a c t i c e ,  the level  of computational e f f o r t  r e q u i r e d  t o  do t h i s  should be 
r e a s o n a b l e .  For  example,  it may t a k e  i n t o  a c c o u n t  t h e  a c c u r a c y  
o f  t h e  i n i t i a l  d a t a  i n  t h e  model. 
The approach p e r m i t s  u s ,  a-t l e a s t  t h e o r e t i c a l l y ,  t o  f i n d  
* 
u  u s i n g  G and by a n a l y z i n g  t h e  dependence o f  t h e  a u x i l i a r y  
f u n c t i o n  (11)  on  T .  
I n  t h e  g e n e r a l  c a s e ,  w e  have 
The e q u a t i o n  o f  s t a t i o n a r i t y  may be  used t o  d e f i n e  t h e  i m p l i c i t  
f u n c t i o n  6 ( ~ )  : 
A 
g r a d  E ( T , G )  = 0  , 
u  (19)  
which, by v i r t u e  o f  t h e  assumpt ions  made and t h e  p r o p e r t i e s  
o f  SPFIT, s a t i s f i e s  

On t h e  o t h e r  hand,  f u n c t i o n s  f  k ys ,  and P a r e  such  t h a t  
G ( T )  can be d e s c r i b e d  by  means o f  t h e  T a y l o r  fo rmulae :  
P r o c e e d i n g  t o  t h e  l i m i t  AT + - T ,  w e  f i n d  t h a t  
N a t u r a l l y  p o i n t  
* 
may b e  t a k e n  a s  a  new a p p r o x i m a t i o n  o f  u  . 
.Accord ing  t o  t h e  p r i n c i p a l  p r o p e r t y  o f  t h e  T a y l o r  a p p r o x i -  
:'6 
rnat ion,  v a l u e  a b s  (u , -u  ) i s  p r o p o r t i o n a l  t o  T 2 ,  which means 
an  improvement i n  t h e  a c c u r a c y .  Umnov (1974) d e m o n s t r a t e s  t h a t  
t h e  s e q u e n t i a l  u s e  o f  (20 )  p roduces  a  series o f  p o i n t s  { u )  t h a t  
* 
c o n v e r g e n c e s  t o  u  . 
I n  p r a c t i c e  t h e  u s e  o f  ( 2 0 )  i s  e q u i v a l e n t  t o  t h e  problem 
of  f i n d i n g  u;, i .e .  t h e  d e r i v a t i v e  o f  t h e  i m p l i c i t  f u n c t i o n  
- 
( T )  w i t h  r e s p e c t  t o  T.  From t h e  i m p l i c i t  f u n c t i o n s  theorem 
it f o l l o w s  t h a t  components o f  u; s a t i s f y  t h e  sys t em o f  l i n e a r  
e q u a t i o n s :  
The m a t r i x  o f  t h e  sys t em h a s  e l e m e n t s  d e f i n e d  by  ( 1 5 )  . 
Below, w e  g i v e  e x p r e s s i o n s  f o r  t h e  r i g h t - h a n d - s i d e  o n l y .  
A 
aslci ax A 
P a r t i a l  d e r i v a t i v e s  - - , and 3 can  be  found from t h e  a~ a~ a~ 
sys tem o f  l i n e a r  e q u a t i o n s ,  which a r e  formed by d i f f e r e n t i a t i n g  
( 1 0 )  and ( 1 2 )  w i t h  r e s p e c t  t o  T .  
where a l l  c o e f f i c i e n t s  a r e  c a l c u l a t e d  a t  p o i n t  xk. 
Analogous ly  
A 
n  
a ; +  C 
2 axj  a E 2 
- =  - 
a & 
Z j= l  axiax j  a x .  1. 3 ~  aT 
A. A 
s u b j e c t  t o  a l l  d e r i v a t i v e s  b e i n g  c a l c u l a t e d  a t  p o i n t  1 1  p ; . 
L e t  u s  d e m o n s t r a t e  t h e  p r o c e d u r e  f o r  model ( 1 )  - ( 2 ) .  
W e  t a k e  2 = 9.5495,which  was found i n  s e c t i o n  2 . 4 .  A t  t h i s  
p o i n t  w e  have 
From (23)  
- 
and,  from ( 2 4 ) ,  
S i n c e  t h e  se t  of  a c t i v e  c o n s t r a i n t s  of  model ( 1 )  - ( 2 )  
does  n o t  change d u r i n g  t h e  s t e p  from u  = 0.54 t o  = 0.5495,  and 
A 
f u n c t i o n  E (T ,u )  i s  p i ecewi se -quad ra t i c  w i th  r e s p e c t  t o  u ,  w e  
Cl A L 
a ' - 62.90.  may t a k e  -
a u 2 
2- 
From (22)  , we f i n d  .a = 6 -4904.  Note t h a t  t h i s  i s  n o t  
auaT 
ve r y  d i f f i c u l t  when . t h e  e x p r e s s i o n s  w i t h i n  p a r e n t h e s e s  i n  ( 2  2 )  
e q u a l  z e r o .  S u b s t i t u t i n g  t h e s e  d a t a  i n  ( 2 1 ) ,  we g e t  u i  = -0.1032, 
* 
and,  hence ,  a  new approx imat ion  o f  u  : 
* 
which i s  c l o s e  enough t o  u  = 3-& = 0.5505. I f  n e c e s s a r y ,  
p r o c e s s  (21)  - ( 2 2 )  may be r e p e a t e d  s e v e r a l  t i m e s  u n t i l  a  
d e s i r a b l e  l e v e l  of  a ccu racy  i s  ach ieved .  
2.6.  G e n e r a l i z a t i o n  o f  t h e  Approach 
The proposed method f o r  o p t i m i z i n g  t h e  v e c t o r  o f  exogenous 
pa ramete r s  o f  a  m u l t i c r i t e r i a  model h a s  been cons ide r ed  f o r  t h e  
c a s e  where it i s  n e c e s s a r y  t o  f i n d  t h e  b e s t  c o n s i s t e n c y  of  t h e  
c r i t e r i a .  But t h i s  approach can a l s o  be  a p p l i e d  t o  o t h e r  schemes 
f o r  f i n d i n g  t h e  e q u i l i b r i u m  p o i n t .  For example,  it i s  p o s s i b l e  
t o  i n t r o d u c e  we igh t  c o e f f i c i e n t s  t o  e v a l u a t e  t h e  r e l a t i v e  impor- 
t a n c e  o f  t h e  u n i t  o f  i n c o n s i s t e n c y  o f  e ach  c r i t e r i o n  f o r  t h e  
d e c i s i o n  makers.  
I n  t h i s  c a s e  t h e  second group o f  c o n s t r a i n t s  f o r  problem 
( 7 )  may be  fo rmula ted  a s  f o l l ows :  
where wk > O a r e  t h e  we iqh t  c o e f f i c i e n t s  . 
The model c a n  a l s o  b e  s u p p l i e d  w i t h  a d d i t i o n a l  c o n s t r a i n t s  on 
t h e  f e a s i b l e  v a l u e s  o f  c r i t e r i a  a t  t h e  p o i n t  of  e q u i l i b r i u m .  
I n  a  more g e n e r a l  c a s e ,  it would be  p o s s i b l e  t o  s t a t e  pro-  
blem ( 7 )  i n  t e r m s  o f  a  v e c t o r  c o e f f i c i e n t  o f  i n c o n s i s t e n c y :  
The e q u i l i b r i u m  p o i n t  w i l l  be d e f i n e d ,  f o r  example,  a s  an ex t reme  
~ o i n t  of the functional Q ( p l  , p 2  , . . . , p N )  , s u b j e c t  t o ,  p e r h a p s ,  s e v e r a l  
a d d i t i o n a l  c o n s t r a i n t s  on components o f  p .  Note t h a t  i n  t h i s  
c a s e  t h e  e q u i l i b r i u m  p o i n t  might  n o t  be a  P a r e t o  one .  Hence, 
t h e  g e o m e t r i c a l  i n t e r p r e t a t i o n  o f  t h e  approach w i l l  b e  d i f f e r e n t ,  
b u t  i t s  t h e o r e t i c a l  b a s i s  w i l l  n o t  b e  changed.  
The p r a c t i c a l  u s e  o f  t h e  p a r a m e t r i c  a n a l y t i c a l  scheme i s  n o t  
s o .  c o n s t r a i n e d  by t h e  need t o  a v o i d  t h e  u s e  o f  t h o s e  models 
* 
i n  which a t  l e a s t  one  o f  f k  i s  c l o s e  t o  z e r o .  For  such  a  c a s e  
a  r e c o n s t r u c t i o n  o f  t h e  model is  recommended. But  t h i s  shou ld  
be  done c a r e f u l l y  b e c a u s e  t h e  a d d i t i o n  o f  a  c o n s t a n t  i n  
f k ( x , u )  may change t h e  e q u i l i b r i u m  p o i n t .  
F i n a l l y ,  n o t e  t h a t  t h e r e  i s  an  o p p o r t u n i t y  t o  u s e  t h e  
approach t o  f i n d  c o n s i s t e n t  s o l u t i o n s  f o r  a  sys tem o f  s i n g l e  
c r i t e r i o n  ma themat ica l  models .  Not o n l y  does  t h e  c r i t e r i o n  
o f  e a c h  model d i f f e r ,  b u t  t h e  sets o f  c o n s t r a i n i n g  f u n c t i o n s  
a l s o  d i f f e r .  
L e t  u s  suppose  t h a t  t h e  kth model i s  
maximize . f k ( x k t u )  t 
w i t h  r e s p e c t  t o  xk E E~~ , 
s u b j e c t  t o  Y ~ S  (xk '  U )  2 0  f s = [ l f m k l  f 
where n  i s  t h e  number o f  v a r i a b l e s  f o r  t h e  k t h  model ,  and u  i s  k  
t h e  v e c t o r  o f  exogenous p a r a m e t e r s ,  which i s  common t o  a l l  N 
models .  
T h i s  problem may b e  reduced t o  t h e  problem under  a n a l y s i s  
by l i n k i n g  a l l  xk i n t o  a  new common v e c t o r  o f  v a r i a b l e s .  The 
i n c r e a s e  i n  t h e  d imens ions  of  t h e  model t h a t  t a k e s  p l a c e  w i l l  
n o t  i n t r o d u c e  d i f f i c u l t i e s ,  s i n c e  a l l  a u x i l i a r y  f u n c t i o n s  a r e  
s e p a r a b l e  w i t h  r e s p e c t  t o  x  and t h e y  can  be minimized indepen-  k  
d e n t l y .  
A more d e t a i l e d  d e s c r i p t i o n  o f  t h e  problem i s  g i v e n  i n  
Umnov ( 1 9 8 0 )  . 
3 .  PARAMETRICAL ANALYSIS OF LINEAR MULTICRITERIA MODELS 
3 . 1 .  P r e l i m i n a r y  Notes 
D e s p i t e  i t s  t h e o r e t i c a l  s i m p l i c i t y ,  t h e  approach i s  r a t h e r  
d i f f i c u l t  t o  a p p l y .  The main o b s t a c l e  i s  t h a t  SPFM i s  r e l a t i v e l y  
i n e f f e c t i v e  f o r  s o l v i n g  problems such  as ( 6 ) .  To overcome t h i s  
d i f f i c u l t y  we c a n  t a k e  advan tage  of  t h e  f a c t  t h a t  i n  t h e  approach 
o n l y  t h e  r e s u l t  o f  u s i n g  SPFM i s  i m p o r t a n t ,  b u t  n o t  i t s  conver-  
gence  p r o p e r t i e s .  T h e r e f o r e ,  w e  may t r y  t o  r e p l a c e  SPFM by a  more 
e f f e c t i v e  a l g o r i t h m  ( o r  a combinat ion  o f  a l g o r i t h m s ) ,  which a l l o w s  
u s  t o  a c h i e v e  t h e  same r e s u l t s .  
I n  t h i s  s e c t i o n  we w i l l  c o n s i d e r  a  s p e c i a l  c a s e  o f  l i n e a r  
models w i t h  exogenous p a r a m e t e r s  i n  f r e e  t e r m s  of  c o n s t r a i n t s  
( 5 )  o n l y .  Moreover,  t h e  a p p l i c a t i o n  o f  t h e  approach w i l l  be 
d e s c r i b e d  f o r  a s p e c i f i c  model, a  r e g i o n a l  model o f  w a t e r  
r e s o u r c e s  a l l o c a t i o n  f o r  Skzne,  Sweden. Thus, w e  can s i m p l i f y  
t h e  e v a l u a t i o n  of  t h e  u s e f u l n e s s  of  t h e  method. 
3 .2 .  Regional  Model o f  Water Resources  A l l o c a t i o n  
The proposed approach i s  used t o  f i n d  s ta tes  w i t h  t h e  b e s t  
c o n s i s t e n c y  f o r  t h e  Model o f  Water Resources  A l l o c a t i o n  (MWRA) . 
T h i s  model, which was developd for the south-west S k h e  r e g i o n  i n  
Sweden (Andersson e t  a l .  1979) by t h e  'Resources and Ehviromnt  Area' 
o f  IIASA, i s  used t o  e v a l u a t e  t h e  impacts  o f  d i f f e r e n t  w a t e r  supply 
-wlicies, s u b j e c t  t o  c e r t a i n  economic and e n v i r o m n t a l  c o n s t r a i n t s  . 
A scheme o f  t h e  w a t e r  s u p p l y  system f o r  S k h e  i s  shown i n  
F i g u r e  8 .  I n  MWRA it i s  assumed t h a t  t h e  main s o u r c e  o f  w a t e r  
f o r  t h e  r e g i o n  i s  t h e  Kav l inge  R i v e r ,  which f lows t h r o u g h  Lake 
Vomb t o  t h e  B a l t i c  S e a .  Lake Vomb a l s o  s e r v e s  a s  a  p a r t i a l l y  

c o n t r o l l e d  water  reservoi r . .  I n  cons ide r ing  t h e  gene ra l  water  
balance of t h e  r eg ion ,  ground water  and p r e c i p i t a t i o n  a r e  a l s o  
inc luded .  The r e g i o n a l  water supply i s  needed f o r  s e r v i c i n g  t h e  
town of Malmo, f o r  a g r i c u l t u r a l  product ion i n  t h r e e  a r e a s  of t h e  
reg ion ,  and f o r  main ta in ing  e c o l o g i c a l  e q u i l i b r i u m  i n  t h e  
r e g i o n a l  water  system. From an  enviromntal  point-of-view, t h e  
s t a t e  of t h e  water  supply system i s  def ined  by i t s  p o l l u t i o n  
l e v e l .  
Non-natural sources  of p o l l u t i o n  a r e  Malmo and t h e  
a g r i c u l t u r a l  a r e a s .  The p o l l u t i o n  l e v e l  depends both on t h e  
technologies  and a r e a  of land used i n  t h e  product ion process .  
The s t a t e  of t h e  system i s  c h a r a c t e r i z e d  by t h e  va lues  of 
two water  f lows a t  p o i n t s  k and A ( s e e  F igure  8), by t h e  volumes 
of water used f o r  a g r i c u l t u r a l  purposes and s t o r e d  i n  t h e  r e s e r -  
v o i r ,  by t h e  p o l l u t i o n  concen t r a t ion ,  and f i n a l l y  by t h e  volume 
of a g r i c u l t u r a l  p roduct ion .  The fol lowing c o n s t r a i n t s ,  which 
d e f i n e  t h e  f e a s i b l e  s t a t e s  of t h e  model, a r e  inc luded:  
-- t h e  balance cond i t ions  f o r  nodes of t h e  water supply 
system; 
-- t h e  need t o  s a t i s f y  upper and lower bounds f o r  water 
flows t o  t h e  sea  and t h e  town, and f o r  t h e  volume of 
water  s t o r e d  i n  t h e  r e s e r v o i r ;  
-- t h e  t e c h n o l o g i c a l  relations between t h e  volume of f e r -  
t i l i z e r ,  t h e  volume of wa te r ,  and t h e  a r e a s  of l and  
used f o r  a g r i c u l t u r a l  product ion;  
-- water  c i r c u l a t i o n  i n  t h e  n a t u r a l  s y s t e m , i . e .  water  
i n p u t s  and l o s s e s ;  
-- c o n s t r a i n t s  on t h e  t o t a l  a r e a  of  land a v a i l a b l e  f o r  
a g r i c u l t u r e  i n  a l l  a r e a s  of t h e  r eg ion .  
The q u a l i t y  of t h e  s t a t e  of t he  system i s  eva lua ted  using 
t h e  fol lowing c r i t e r i a :  
-- maximization of t h e  volume of a g r i c u l t u r a l  product ion 
f o r  a l l  a r e a s ;  
-- maximization of  t h e  volume of  water re~aining a t  t h e  end of 
t h e  growing season;  
-- maximizat ion  o f  t h e  w a t e r  f low t o  t h e  town; 
-- maximizat ion  o f  t h e  w a t e r  f low t o  t h e  s e a ;  
-- m i n i m i z a t i o n  o f  t h e  p o l l u t i o n  f low t o  t h e  s e a .  
Formal ly ,  MWRA i s  d e s c r i b e d  i n  t e r m s  o f  t h e  f o l l o w i n g  
d a t a :  
A - t h e  a r e a  o f  l a n d  a v a i l a b l e  f o r  a g r i c u l t u r e  i n  j  
a r e a  j ( j  = [ 1 , 3 1 ) ;  
x - t h e  a r e a  o f  l a n d  i n  a r e a  j  i n  which t echno logy  i i s  i j  
used  ( i n  t h e  v e r s i o n  o f  MWRA d e s c r i b e d  i n  t h i s  p a p e r  
seven  t y p e s  o f  t e c h n o l o g i e s  were c o n s i d e r e d ) ;  
a  k i  j  - kth normat ive  c o e f f i c i e n t ,  r e l a t e d  t o  a  u n i t  o f  l and  
c h a r a c t e r i z e s  t echno logy  i i n  a r e a  j  ( f i v e  t y p e s  
o f  c o e f f i c i e n t s  w e r e  used:  
- r e a l  y i e l d s  p e r  u n i t  o f  l a n d  ( k = l ) ,  
- r e q u i r e d  w a t e r  volume (k=2)  , 
- volume o f  f e r t i l i z e r  r e q u i r e d  ( k = 3 ) ,  
- w a t e r  l o s s  ( k = 4 ) ,  
- f e r t i l i z e r  l o s s  ( k = 5 ) ) ;  
volume o f  w a t e r  i n  t h e  r e s e r v o i r  a t  t h e  b e g i n n i n g  
o f  t h e  growing s e a s o n ;  
volume o f  w a t e r  i n  t h e  r e s e r v o i r  a t  t h e  end o f  
t h e  growing season ;  
t h e  l e n g t h  o f  t h e  growing s e a s o n ;  
t h e  v o l u m e t r i c  f low r a t e  o f  w a t e r  s u p p l y  t o  t h e  
town; 
t h e  v o l u m e t r i c  f low r a t e  o f  w a t e r  from Lake Vomb; 
t h e  v o l u m e t r i c  f low r a t e  o f  w a t e r  t o  t h e  s e a ;  
t h e  v o l u m e t r i c  f low r a t e  of  p o l l u t a n t s  f r m  the lake;  
t h e  v o l u m e t r i c  f low r a t e  o f  p o l l u t a n t s  t o  t h e  s e a ;  
t h e  maximal a c c e p t a b l e  l e v e l  o f  p o l l u t i o n  i n  t h e  
w a t e r  f low t o  t h e  s e a ;  
t h e  volume o f  a g r i c u l t u r a l  p r o d u c t i o n  from a r e a  j ;  
t h e  volume o f  w a t e r  used  i n  a r e a  j f o r  a g r i c u l t u r a l  
purposes  ; 
t h e  volume o f  f e r t i l i z e r s  used  i n  a r e a  j ;  
t h e  volume o f  w a t e r  r e t u r n e d  t o  t h e  sys tem from 
a r e a  j ; 
t h e  volume o f  f e r t i l i z e r s  e n t e r i n g  t h e  w a t e r  sys tem 
from a r e a  j ;  
qn - t h e  d i f f e r e n c e  between t h e  wa t e r  volumes e n t e r i n g  
and l e a v i n g  t h e  wa t e r  sys tem by means o f  n a t u r a l  
exchange a t  c o n t r o l  p o i n t  n  ( s e e  F igu re  8 ) ;  
4 - t h e  c o e f f i c i e n t  r e p r e s e n t i n g  t h e  removal o f  p o l l u -  
t a n t s  th rouuh  n a t u r a l  p r o c e s s e s  w i t h i n  t h e  l a k e ;  
$ I n  - t h e  c o n c e n t r a t i o n  o f  n a t u r a l  p o l l u t a n t s  i n  t h e  
wa t e r  a t  c o n t r o l  p o i n t  n.  
The c o n s t r a i n t s  d e f i n i n g  f e a s i b l e  s t a t e s  o f  t h e  model a r e  g iven  
below. 
Land-use c o n s t r a i n t s  i n  a r e a  j a r e  
where mt i s  t h e  number o f  t e c h n o l o g i e s  i n  use .  
The dependence o f  a g r i c u l t u r a l  p roduc t i on  on t h e  t echno lo-  
g i e s  used i s  d e s c r i b e d  by 
The w a t e r  ba l ance  c o n s t r a i n t s  for a l l  nodes of  t h e  sys tem a r e :  
-- f o r  t h e  l a k e  
- 
S  I S I S  , and 
- .  
- 
where S  - , S ,  Z and zm a r e  t h e  lower and upper 
-m '  
bounds f o r  S  and Z m ,  r e s p e c t i v e l y ;  
f o r  t h e  r i v e r  
v I V  
-A A 
where VA - i s  t h e  lower  bound f o r  VA. 
Here t h e  f o l l o w i n g  r e l a t i o n s  shou ld  be v a l i d :  
F i n a l l y ,  t h e r e  i s  a  set of  c o n s t r a i n t s  d e f i n i n g  t h e  
env i ronmenta l  c h a r a c t e r i s t i c s  o f  t h e  sys tem:  
-- t h e  f low o f  p o l l u t a n t s  from t h e  l a k e ,  
-- t h e  f low o f  p o l l u t a n t s  t o  t h e  s e a ,  
- 
1  
WA - ~ ( ~ 2 5  + y j 5 )  + $3q3 + i 4 q 4  + k 
and 
-- t h e  l i m i t i n g  c o n s t r a i n t  r e p r e s e n t i n g  t h e  concentration of 
p o l l u t a n t s  i n  t h e  s e a ,  
The s e t  o f  c r i t e r i a  can a l s o  be  fo rmula ted  a s  f o l l o w s :  
maximize Y l l  , 
maximize Y 2 1  , 
maximize 
'31 
maximize S  , 
maximize 
'm 
maximize UA , 
minimize WA . 
3 .3 .  Some ~ x a m p l e s  of  Problems Solved w i t h  t h e  Use o f  MWRA 
Numerical d a t a  f o r  one v e r s i o n  o f  MWRA a r e  g i v e n  i n  Tab le  
1 .  I n  t h i s  v e r s i o n  it i s  assumed t h a t  t h e  v a l u e s  o f  A j I a k i j  I 
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Table 1 .  The parameter values of MWRA. 
3 
T = 2,590 (10 sec) 
= 0.9 
I 
7 D i m e n -  
sion 
1 1  
2 
3 
2 1 
2 
3 
3 1 
2 
3 
4 1 
2 
3 
5 L 
2 
3 
0 4 5.5 8 4.5 6 -8 9.5 
0 4 5.5 9.2 4.5 6.8 10.8 TOE/ ha 
0 4 5.5 9.2 4.5 6.8 10.8 
0 0.3 0.3 0.3 0.55 0.55 0.55 
0 0.3 0.3 0.3 0.55 0.55 0.55 lo3a3/ ha 
0 0.3 0.3 0.3 0.55 0.55 0 -55 
0 0 80 150 0 8 0 150 
0 0 8 0 180 0 80 180 . kg / ha 
0 0 80 180 0 80 180 
0 0.06 0.06 0.06 0.11 0.11 0 -11 
0 0.03 0.03 0.03 0.055 0.055 0.055 103m3/ ha 
0 0.06 0.06 0.06 0.11 0.11 0.11 
0 0 12 22.5 0 12 22.5 
0 0 12 2 7 0 12 2 7 kg / ha 
0 0 12 27 0 12 27 
- - 
So, 2, S ,  r ,  Z m ,  Z m ,  VA, Q n ,  q n ,  $ ,  and a a r e  p r e d e t e r m i n e d  A 
( i . e .  t h e y  a r e  p a r a m e t e r s  o f  t h e  m o d e l ) .  W e  have  t r i e d  t o  f i n d  
v a l u e s  f o r  some o f  t h e  above  p a r a m e t e r s ,  s o  t h a t  t h e r e  i s  an  
a c c e p t a b l e  d e g r e e  o f  c o n s i s t e n c y  among t h e  c r i t e r i a .  
T a b l e  2 g i v e s  t h e  r e s u l t s  o f  c a l c u l a t i o n s  made w i t h  t h e  
h e l p  o f  MWRA f o r  t h e  scheme ( 6 )  - ( 8 )  . The c a s e  c o n s i d e r e d  was 
f o r  a g rowing  s e a s o n  w i t h  a no rma l  l e v e l  o f  p r e c i p i t a t i o n  and 
w i t h  t h e  f o l l o w i n g  exogenous  p a r a m e t e r s  : 
6 3 S - = 2 1 . 1 0 m  , 
The c o n s i s t e n c y  a c h i e v e d  was 23.2;%, T a b l e  2 p r e s e n t s  t h e  
* 
o p t i m a l  v a l u e s  f o r  c r i t e r i a  f k ( u )  (see t h e  column 'Op t  v a l u e ' )  
* 
and f k ( x  , u )  (see t h e  column ' V a l u e 1 )  . The v a l u e s  o f  t h e  model 
v a r i a b l e s  f o r  t h e  e q u i l i b r i u m  p o i n t  a r e  a l s o  g i v e n  i n  T a b l e  2 .  
I f  t h e  exogenous  p a r a m e t e r  values are changed, the  equilibrium p o i n t  
f o r  t h e  model w i l l  chancre. For  example ,  f o r  v a l u e s  
t h e  c o n s i s t e n c y  e q u a l s  0 . 4 5 .  The v a r i a b l e s  u sed  i n  t h i s  c a s e  
a r e  shown i n  T a b l e  3 .  These  two examples  d e m o n s t r a t e  t h a t  a 
v a r i a t i o n  i n  t h e  exogenous  p a r a m e t e r s  o f  PWRA may s i g n i f i c a n t l y  
change  b o t h  t h e  e q u i l i b r i u m  p o i n t  and t h e  c o n s i s t e n c y  o f  t h e  
c r i t e r i a .  
A more i n t e r e s t i n g  example  o f  t h e  dependence  o f  t h e  con- 
s i s t e n c y  on t h e  exogenous  p a r a m e t e r s  i s  shown i n  F i g u r e  9 .  I n  
t h i s  f i g u r e  a p i e c e - w i s e  l i n e a r  a p p r o x i m a t i o n  o f  t h e  dependence  
o f  t h e  c o e f f i c i e n t  o f  c o n s i s t e n c y  on b o t h  t h e  volume o f  w a t e r  S i n  
t h e  l a k e  a t  t h e  end  o f  the p e r i o d  and t h e  a v e r a g e  l e v e l  o f  p r e c i -  
p i t a t i o n  q d u r i n q  t h i s  v e r i o d .  I n  examining  F i g u r e  9 ,  w e  f i n d  
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T a b l e  2 .  Sta t e  of MWRA for - S = 2 1 ,  Z-m = I ,  a n d  yA = 7 .  
EXOGENOUS CONSTRAINTS: 
Final quantity o f  water i n  the lake= 21000.00(1000cub.m) 
Capacity o f  natural water sources = 1.00( to norm.) 
- Minimal flow to Malmo - 1.00(cub.m/sec) 
Minimal flow to the sea - 7.00(cnb.m/sec) 
Concent.leve1 of poll. in the sea = 10.00( g/cub.m ) 
List of criteria: yields, water i n  the lake, flow to Malmo; 
flow to the sea, flow of p o l l u t i o n  to the sea 
RESULTS: Min.inconsistency = 76.9% 
# of criterion Value Opt .value C0nsist.X 
1 max 5477.82497 23733.30477 23.1 
2 max 5369.29934 23263.10502 23.1 
3 max 5179.31893 22439.99315 23.1 
4 max 21000.00000 21711.99914 96.7 
5 max 1 .00000 1 .27490 78.4 
6 m a x  7.00000 7.27490 96.2 
7 mi n 9.94286 5.62000 23.1 
Technology 
# 
Area 1 Area 2 
ha ha 
Area 1 Area 2 
Yield ( ton ) 5477.825 5369.299 
Water in. (1000cub.m) 205.418 263.228 
Water out. 41 .a84 26.323 
Fertil.in.( ton 102.709 64.370 
Fertil.out. 15.406 9.656 
Area 3 
ha 
Area 3 
Water i n  the lake 21000.000( 1000cub .m) 
Flow out the lake 5.7ll(cub.m/sec) 
Flow i n t o  the sea 7.000(cub .m/sec) 
Flow to Malmo 1.000(cub.m/sec) 
P o l l u t i o n  o u t  the lake 3.565(g/sec) 
P o l l u t i o n  to the sea 9.943(g/sec) 
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T a b l e  3. S t a t e  of MWRA for S  = 15, Z = 1 . 5 ,  and V = 6 .  
- 
-m -A 
EXOGENOUS CONSTRAINTS: 
Final quantity of water in the Lake= 15000.00(1000cub.m) 
Capacity of natural water sources = 1.00( to norm.) 
Minimal flow to Malmo - 1.50(cub .dsec) 
Minimal flow to the sea - 6.00(cub .m/sec) 
Concent.leve1 of poll. in the sea = 10.00( g/cub.m 
List of criteria: yields, water in the lake, flow to Malmo, 
flow to the sea, flow of pollution to the sea 
RESULTS: Min.inconsistency = 54.7% 
# of criterion Value Opt . value Consist.% 
1 max 12897.23203 28500.00000 45.3 
2 max 12218.43035 27000.00000 45.3 
3 max 11240.95592 24840.00000 45.3 
4 max 19678.60633 23006.99914 85.5 
5 max 1 .50000 2.00000 75.0 
6 max 6.00000 9.09151 66.0 
7 mi n 8.69676 5.62000 45.3 
Technology 
# 
Area 1 
ha 
Area 2 
ha 
Area 1 Area 2 
Yield ( ton 12897.232 
Water in. (1000cub.m) 1348.616 
Water out. 269.723 
Fertil.in.( ton ) 0. 
Fertil.out. 0 .  
Area 3 
ha 
Area 3 
Water in the lake 19678.606(1000cnb.m) 
Flow out the lake 5.369(cub.m/sec) 
Flow into the sea 6.000(cub.dsec) 
Flow to Malmo 1.500(cub.m/sec) 
Pollution out the lake 2.970(g/sec) 
Pollution to the sea 8.697(g/sec) 
Fig u re  9 .  The dependence o f  t h e  c o n s i s t e n c y  on t h e  l e v e l  of 
p r e c i p i t a t i o n  and t h e  remaining wa t e r  i n  t h e  
l a k e .  
t h a t  f o r  v a l u e s  o f  S and q sat isfying t h e  s e t  o f  c o n s t r a i n t s  
where q  i s  d e f i n e d  a s  t h e  r a t i o  o f  t h e  c u r r e n t  l e v e l  of  p r e c i p i -  
t a t i o n  t o  t h e  a v e r a g e  l e v e l ,  t h e  c o n s i s t e n c y  i s  r e l a t i v e l y  h i g h :  
45% - 5 0 % .  For t h e  o t h e r  S - and q ,  t h e  c o n s i s t e n c y  i s  much l o w e r ,  
o r  MWRA i s  i n f e a s i b l e .  I n  o t h e r  words,  t h e  model f o r e c a s t s  t h a t  
t h e r e  e x i s t s  a  minimal v a l u e  f o r  t h e  remain ing  w a t e r  i n  t h e  l a k e ,  
when a  c o n s i s t e n c y  of  a b o u t  4 0 %  can be ach ieved  f o r  a  g iven  q .  
T h i s  minimal v a l u e  o f  S - i s  e q u a l l e d  approx imate ly  by 
F i n a l l y ,  l e t  us  c o n s i d e r  a  g r a p h i c  i n t e r p r e t a t i o n  of 
a n o t h e r  problem o f  o p t i m i z i n g  t h e  c o n s i s t e n c y .  Suppose t h a t  
w e  choose v a l u e s  f o r  t h e  t h r e e  exogenous p a r a m e t e r s  o f  t h e  
mode 1: 
-- t h e  lower  l i m i t  o f  t h e  f low t o  t h e  town; 
-- t h e  lower  l i m i t  o f  t h e  f low t o  t h e  s e a ;  and 
-- t h e  lower  l e v e l  o f  t h e  remain ing  w a t e r  i n  t h e  l a k e  
a t  t h e  end o f  t h e  growing s e a s o n .  
The chosen v a l u e s  p r o v i d e  m7RA w i t h  t h e  b e s t  c o n s i s t e n c y  
f o r  t h e  g iven  c r i t e r i a ,  s u b j e c t  t o  
where C i s  zf g i v e h  c o n s t a n t .  . I n  t h i s  c a s e  we w i l l  s o l v e  
t h e  problem 
min min 
uen x  P ( x ) }  
u s i n g  t h e  n o t a t i o n  o f  ( 8 )  . 
I n  F i g u r e  10 a piecewise l i n e a r  a p p r o x i m a t i o n  o f  t h e  v a l u e  
7 3 
o f  ( I - ~ ; ~  p ( x ) ) l O O %  i s  shown f o r  C = 4.10 rn . The exogenous  
p a r a m e t e r s  yA, Z and S are l i n k e d  by e q u a t i o n  ( 2 5 ) .  Hence, 
- m' - 
it i s  s u f f i c i e n t  t o  c o n s i d e r  t h e  dependence  o f  on  V and Z . 
-A -m 
I n  F i g u r e  10 o n l y  f e a s i b l e  p o i n t s  a r e  c o n s i d e r e d .  
I t  c a n  b e  c o n c l u d e d  t h a t  t h e  c o n s i s t e n c y  changes  w i t h i n  a 
r a n g e  o f  a p p r o x i m a t e l y  2 2 %  t o  3 3 % .  Hence, t h e  s e a r c h  f o r  
t h e  o p t i m a l  p o i n t s  may p r o v i d e  u s e f u l  i n f o r m a t i o n  f o r  d e c i s i o n -  
making p r o c e s s e s .  T h i s  can  b e  a l s o  p roved  by compar ing  T a b l e s  
4 ,  5 ,  and 6 ,  which  c o n t a i n  t h e  s o l u t i o n s  o f  MWRA f o r  d i f f e r e n t  
v a l u e s  o f  S ,  - yA, Z . 
-m 
3 . 4 .  D e t e r m i n i n g  t h e  Opt imal  Va lues  f o r  t h e  Exogenous 
P a r a m e t e r s  of  MWRA 
L e t  u s  c o n s i d e r  t h e  p r o c e d u r e  for d e t e r m i n i n g  t h e  o p t i m a l  
v a l u e s  f o r  t h e  exogenous  p a r a m e t e r s  o f  l i n e a r  mode l s ,  which 
a r e  d e s c r i b e d  by f u n c t i o n s  f k ( x , u )  and y  ( x , u )  o f  t h e  f o l l o w i n g  
S 
form 
n  
f k ( x , u )  = L CkiXi , k  = [ , I  , and 
i = l  
Note  t h a t  by u s i n g  t h e  f r e e  t e r m  o f  y s ( x , u )  a s  a l i n e a r  f u n c t i o n  
o f  u ,  t h e r e  w i l l  n o t  b e  a  s i g n i f i c a n t  l o s s  o f  e q u a l i t y .  
A q u a d r a t i c  p e n a l t y  f u n c t i o n  P(T ,c r )  i s  chosen:  
I t  h a s  c o n t i n u o u s  d e r i v a t i v e s  f o r  a l l  T > 0 .  L e t  u s  assume t h a t  
a l l  a u x i l i a r y  f u n c t i o n s  a r e  minimized  by an a l g o r i t h m  t h a t  u s e s  
o n l y  t h e  v a l u e s  o f  t h e  f u n c t i o n s  and t h e i r  g r a d i e n t s .  
A s  h a s  a l r e a d y  been  shown, d e t e r m i n a t i o n  o f  t h e  o p t i m a l  
v a l u e s  f o r  t h e  exogenous  p a r a m e t e r s  c o n s i s t s  i n  min imiz ing  t h e  
Figure 10. The dependence of the consistency on VA - and Zm. 
3 (All flows are in m /sec.) 
- 4 4  - 
Table 4 .  S t a t e  of MWRA for VA = 4 and Em = 1. 
- 
EXOGENOUS CONSTRAINTS: 
Final volume of water in the lake = 28550.00(1000cub.m) 
Capacity o f  natural water sources = 1.00( to norm.) 
Minimal flow to Malmo - 1 .@@(cub .m/sec) 
Minimal flow to the sea - - 4.00(cub.m/sec) 
Concent.leve1 of poll. i n  the sea = 10.00( g/cub.m ) 
List o f  criteria: yields, water i n  the lake, flow to Malmo, 
flow to the sea, flow of p o l l u t i o n  to the sea 
RESULTS: Min.incoasistency = 73.22 
# of criterion Value Opt. value Consist.% 
1 max 6866.85981 25589.99357 26.8 
2 max 6662.26434 24827.54946 26.8 
3 max 6493.86487 24199.99315 
4 max 28550.00000 30008.08000 
5 max 1 .00000 1 .35985 
6 max 4.00000 4.35985 91.7 
7 mi n 9.73192 5.62000 26.8 
Technology 
u 
Area 1 
ha 
Area 1 
Yield ( ton ) 6866.860 
Water in. (1880cub.m) 257.507 
Water out. 51.501 
Fertil.in.( ton ) 128.754 
Fertil.out. 19.313 
Area 2 
ha 
Area 3 
ha 
Area 2 Area 3 
Water i n  the l a k e  28550.000( 1880cub .m) 
Flow o u t  the lake 2.780(cub.m/sec) 
Flow into the sea 4.000(cub.m/sec) 
Flow to Malmo 1.000(cub.m/sec) 
Pollution o u t  the lake 3.716(g/sec) 
P o l l u t i o n  to the sea 9.732(g/sec) 
- 4 5  - 
Table 5 .  S t a t e  of MWRA f o r  VA - = 5 and z m =  1 .  
EXOGENOUS CONSTRAINTS: 
Final volume of water i n  the lake = 26260.00(1000cub.m) 
Capacity of natural water sources = 1.00( to norm.) 
Minimal flow to Malmo - 1.00(cub.m/sec) 
Minimal flow to the sea - - 5.00(cub .m/sec) 
Concent.leve1 of poll. in the sea = 10.00( g1cub.m ) 
List of criteria: yields, water i n  the lake, flow to Malmo, 
flow to the sea, flow of pollution to the sea 
RESULTS: Min.inconsistency = 77.6% 
# of criterion Value Opt. value Consist .Z 
1 max 4727.09371 21066.63811 22.4 
2 max 4832.14024 21534.78562 22.4 
3 m ax 4891.64953 21799.99315 22.4 
4 max 26260.00000 26891.99914 97.6 
5 max 1 .00000 1 .24402 80.4 
6 max 5.00000 5.21402 95.3 
7 m i  n 9.97894 5.62000 22.4 
Technology 
# 
Area 1 
h a  
Area 1 
Yield ( ton 4727.094 
Water in. (1000cub.m) 177.266 
Water out. 35.453 
Fertil.in.( ton ) 88.633 
Fertil-out. 13.295 
Area 2 
ha 
Area 2 
Area 3 
h a  
Area 3 
Water in the lake 26260.000(1000cub.m) 
Flow out the lake 3.689(cub .m/sec) 
Flow into the sea 5.0Q0(cub.m/sec) 
Flow to Malmo 1.00Q(cub .m/sec) 
Pollution out the lake 3.483(g/sec) 
Pollution to the sea 9.979(g/sec) 
Table 6. S t a t e  of MWRA for VA = 6.5 and Z = 1 .  
- 
-m 
EXOGENOUS CONSTRAINTS:  
Final volume of water in the lake = 22825.88(108Bcub.m) 
Capacity of natural water sources = 1.00( to norm.) 
Minimal flow to Malmo - 1.00(cub.m/sec) 
- Minimal flow to the sea - 6.50(cub.m/sec) 
Concent.leve1 of poll. in the sea = 10.00( g/cub.m ) 
List of criteria: yields, water in the lake, flow to Malmo, 
flow to the sea, flow of p~llution to the sea 
RESULTS: Min. 
# of criterion 
1 max 
2 max 
3 max 
4 max 
5 max 
6 max 
7 mi n 
Technology 
# 
Value Op t. value 
Yield ( ton 
Water in. (1000cub.m) 
Water out. 
Fertil.in.( ton ) 
Fertil.out. 
Water i n  the lake 
Flow out the lake 
Flow into the sea 
Flow to Malmo 
Pollution out the lake 
Pollution to the sea 
Area 1 
ha 
Cons is t .X 
Area 2 
ha 
Area 1 Area 2 
Area 3 
h a  
Area 3 
A 
f u n c t i o n  ~ ( u ) ,  which c a n  b e  o b t a i n e d  from ( 1 1 )  by s u b s t i t u t i n g  
A 
p and f o r  u and x .  
A 
Components o f  t h e  g r a d i e n t  o f  E i n  t h e  g e n e r a l  c a s e  a r e  
d e f i n e d  by ( 1 4 )  . But t h i s  formula  can b e  s i m p l i f i e d  f o r  MWRA 
by t a k i n g  i n t o  a c c o u n t  ( 2 6 )  and ( 2 7 ) .  A t  f i r s t ,  w e  have 
a f k  
- -  
- 0 and - Xi- - 'sr -au 
r r 
Hence, 
A 
A m ys - a b s  ( G s )  
- 1 - -  
aur s=1 2T 'sr 
A A A A A 
where ys = y s ( x , u )  and Vk = V k ( l . l ~ x ~ u )  
- 
aEU m YSk - a b s  (ysk)  
- 
- -  
2T 'sr 
aur r s = l  
- 
where Fsk = ys ( x k ,  U )  . 
F i n a l l y ,  we f i n d  
A A 
- 
N Vk - a b s  ( Vk)  A m ytk- abs(y 1 
+ C 2T ( 1  + p s i g n  zk) C 2T * P  k= 1  t = l  t k '  
f o r  a l l  r = [ 1 , L ]  . 
A 
T h e r e f o r e ,  i n  o r d e r  t o  u s e  t h e  a l g o r i t h m  f o r  minimiz ing  E ( u )  , 
A A - 
w e  must f i n d  v e c t o r s  Zk and I (  p  ; x l l .  The v a l u e s  o f  G S k ,  E k l  
A A A 
ys ,  Vk,  and E a r e  e a s i l y  c a l c u l a t e d  because  t h e i r  form i s  
e x p l i c i t .  
3 .5 .  Modeling t h e  Smooth P e n a l t y  F u n c t i o n  Method 
A  method f o r  s o l v i n g  t h e  problem i s  c o n s i d e r e d  t o  b e  
e f f e c t i v e  i f  i t  a l l o w s  t h e  s o l u t i o n  t o  b e  found w i t h  a  r e a -  
s o n a b l e  l e v e l  o f  c o m p u t a t i o n a l  e f f o r t  on t h e  p a r t  o f  t h e  u s e r .  
SPF,M, which forms t h e  t h e o r e t i c a l  b a s i s  f o r  t h e  p r o p o s e d  
a p p r o a c h ,  i s  n o t  v e r y  e f f e c t i v e  f o r  mos t  p r a c t i c a l  p r o b l e m s .  
Fo r  t h e  models  d e s c r i b e d  by f u n c t i o n s  ( 2 6 ) ,  more e f f e c t i v e  
a l g o r i t h m s  c a n  b e  u s e d .  I n  t h e  c a s e  o f  MWRA a  scheme b a s e d  
on t h e  combined u s e  o f  two a l g o r i t h m s  was implemented.  T h i s  
scheme i s  o u t l i n e d  be low.  
The problem o f  m i n i m i z i n g  e a c h  o f  t h e  a u x i l i a r y  func -  
t i o n s  ( 9 )  and ( 1 1 ) i s  d i v i d e d  i n t o  two s t a g e s .  F i r s t ,  t h e  
l i n e a r  problem ( 6 ) ,  o r  ( 7 ) ,  i s  s o l v e d  by means o f  a  s t a n d a r d  
s i m p l e x  p r o c e d u r e .  A t  t h e  second  s t a g e  t h e  f o l l o w i n g  qua-  
d r a t i c  problem i s  s o l v e d .  
- - 
Minimize w i t h  r e s p e c t  t o  1 1  xk;  % J k l l  
s u b j e c t  t o  
f o r  a l l  s E A . 
The set A c o n t a i n s  i n d i c e s  o f  t h e s e  c o n s t r a i n t s  f o r  nroblem ( 6 1 ,  
* 
which a r e  a c t i v e  a t  p o i n t  x k ,  i .e . ,  f o r  a l l  s E A ,  
must b e  v a l i d  i n d e p e n d e n t l y  o f  whe the r  x z  i s  t h e  o p t i m a l  p o i n t  
o f  ( 6 )  , o r  i s  t h e  p o i n t  a t  which t h e  n f e a s i b i l i t y  o f  ( 6 )  h a s  been  
found.  
I t  i s  e v i d e n t  t h a t  p roblems ( 1  0)  and  ( 2 9 )  a r e  s i m i l a r .  
T h i s  may b e  proved  by s u b s t i t u t i n g  y  (Gk,u)  f o r  T ; ~ ~  and t h e  
s 
s p e c i f i c  e x p r e s s i o n  f o r  P ( T , a ) .  The formof (29) is mre sui ted to 
t h e  c a l c u l a t i o n s ,  s i n c e  t h e  components o f  t h e  g r a d i e n t  o f  t h e  
a u x i l i a r y  f u n c t i o n  have  t h e  s i m p l e  form 
To f i n d  Bk and yks it i s  n o t  a lways  n e c e s s a r y  t o  s o l v e  ( 2 9 ) .  
From theorem 4 ( F i a c c o  and  McCormick 1 9 6 8 ) ,  it f o l l o w s  t h a t  i f  
p roblem ( 6 )  i s  f e a s i b l e  and  rows {as i I  i = [ 1 , n ] l  a r e  l i n e a r l y  
i n d e p e n d e n t  f o r  s E A ,  t h e n  t h e  o p t i m a l  s o l u t i o n  o f  ( 2 9 )  i s  t h e  
o p t i m a l  v e c t o r  o f  t h e  d u a l  v a r i a b l e s  f o r  problem ( 6 )  , where T  i s  
s u f f i c i e n t l y  s m a l l .  
For  t h e  c a s e  where it i s  p o s s i b l e  t o  r e c o g n i z e  t h e  l i n e a r  
independency  o f  {as i I  i = [ I , n ] I ,  s E A,  v a l u e s  o f  Bk and y 
k s  
c a n  b e  c a l c u l a t e d  by  
* 
where w i s  t h e  d u a l  o p t i m a l  v e c t o r  f o r  problem (6). 
For  a l l  o t h e r  c a s e s  problem (29)  must b e  s o l v e d .  The 
e f f o r t  r e q u i r e d  t o  d o  t h i s ,  however ,  w i l l  n o t  b e  t o o  g r e a t ,  i f  
* 
t h e  p o i n t  xk i s  e q u a l  t o  xk and i f  a l l  ; a r e  z e r o s  a t  t h e  f i r s t  k s  
i t e r a t i o n .  Fareover, p roblem ( 2 9 )  d o e s  n o t  c o n t a i n  a l l  f u n c t i o n s  
y S ( x , u ) ,  b u t  o n l v  t h o s e  f o r  s E A .  A l l  t h e  above c o n c l u s i o n s  a l s o  
a p p l y  t o  problem ( 1  2 )  . 
I n  p r a c t i c e ,  it i s  sometimes r e a s o n a b l e  t o  e x t e n d  t h e  s e t  
A ,  i n  o r d e r  t o  i n c r e a s e  t h e  r e l i a b i l i t y  o f  t h e  scheme. W e '  
w i l l  i n c l u d e  i n  A a l l  s f o r  which 
i s  v a l i d ,  where E > 0 i s  a  sma l l  pa r ame te r .  Th i s  a v o i d s  t h e  
i n t r o d u c t i o n  o f  e r r o r s .  I t  is  p r e f e r a b l e  t o  e v a l u a t e  gk and 
- 
Yks by means o f  (29)  i n  some c a s e s  o f  u n c e r t a i n t y ,  s i n c e  t h e  
s t a t e m e n t  of  (29)  i s  independen t  o f  whether  o r  n o t  ( 6 )  i s  f e a -  
s i b l e .  Th i s  i s  w e l l  i l l u s t r a t e d  by F i g u r e  1 1 ,  which shows t h e  
h 
dependence o f  E and p on l?? i n  MWRA, s u b j e c t  t o  
I t  was found t h a t  t h e  s o l u t i o n  of a  m o d i f i c a t i o n  o f  problem ( 7 )  
i s  op t ima l  f o r  yA 5 7.1 and i n f e a s i b l e  f o r  VA - > 7 . 1  . However, 
from i n  F igu re  1 1 ,  we can  s e e  t h a t  t h e  model i s  i n f e a s i b l e  
even f o r  ETA = 6  .6 5,  kcacee  inappropriate tolerance paramters were chosen. 
* 
I n  t h i s  c a s e  t h e  u se  o f  wk i n  (31)  i n s t e a d  of  s o l u t i o n  (29)  t o  
e v a l u a t e  Ek and yks might d e s t r o y  t h e  convergence o f  t h e  minimi- 
z a t i o n  of  ( u )  . 
To conc lude ,  it can be  s een  t h a t  t h e  l i n k a g e  d e s c r i b e d  
above e n a b l e s  u s  t o  c r e a t e  an  e f f e c t i v e  method p o s s e s s i n g  
a l l  t h e  d e s i r a b l e  p r o p e r t i e s  of  SPFM. T h i s  method can  be  
used f o r  any model d e s c r i b e d  by (26)  , o r  even f o r  c e r t a i n  
more complex models.  
3.5.  Some P r a c t i c a l  A p p l i c a t i o n s  o f  t h e  Approach Using MWRA 
The a n a l y t i c a l  method proposed f o r  t h e  mu1 t i c r i t e r i a  model 
MRWA was implemented by t h e  Regional  Development Group of  IIASA 
on t h e  VAX/1178 computer ,  under t h e  U N I X  o p e r a t i n g  sys tem.  
During development of  t h e  r e q u i r e d  s o f t w a r e ,  t h e  main e f f o r t  was. 
devoted t o  a c h i e v i n g  maximal e f f i c i e n c y  through t h e  u se  of  h i g h l y  
e f f i c i e n t  s t a n d a r d  s u b r o u t i n e s .  S i n c e  VAX/1178 i s  a  v i r t u a l  
machine, i t  has  t h e  c a p a c i t y  f o r  s t o r i n g  a  l a r g e  volume o f  
F i g u r e  11 . The dependence of ; and P on VA. - 
i n t e r m e d i a t e  d a t a  and t h e  t o t a l  o p e r a t i o n a l  t ime r e q u i r e d  may 
t h u s  be  reduced.  The main e lement  of  t h e  s o f t w a r e  sys tem com- 
p l e t i n g  t h e  approach i s  t h e  MINOS program package (Murtagh 
and Saunders  1980) f o r  s o l v i n g  t h e  l i n e a r  problems (6) and a  
m o d i f i c a t i o n  o f  ( 7 1 ,  and t h e  n o n l i n e a r  and, g e n e r a l l y  speak ing ,  
nonconvex problem: 
minimize ( u )  , 
s u b j e c t t o  u E R  . 
The s e t  R was d e f i n e d  i n  an  e x p l i c i t  way a s  a  sys tem of  
c o n s t r a i n t s  on t h e  components o f  v e c t o r  u. T h e r e f o r e ,  i n  a cco r -  
dance  w i t h  t h e  p r o ced u r e s  f o r  u s i n g  MINOS, it i s  s u f f i c i e n t  
f o r  t h e  normal run s o l v i n g  (32)  t o  be a b l e  t o  c a l c u l a t e  ; ( u )  and 
g rad  ; a t  any p o i n t  u .  I t  has  been a l r e a d y  shown t h a t  ; ( u )  
u  
and components o f  g r ad U  may be  found from ( 6 )  , ( 7 )  , and (29)  . 
W e  have s een  t h a t  t h e  r e c u r s i v e  use  o f  MINOS p r e s e n t s  a  d i f -  
f i c u l t  problem. For t h i s  r e a son  we have dec ided  t o  o r g a n i z e  t h e  
s o l u t i o n  p rocedure  f o r  (32)  a s  an  independen t  run s u p p l i e d  w i t h  a l l  
t h e  n e c e s s a r y  i n f o r m a t i o n .  The s o l u t i o n  p rocedu re s  f o r  ( 6 )  , ( 7 )  , 
and (29)  c o n s i s t  o f  a n o t h e r  run ,  which b e g i n s  o n l y  when r e q u i r e d .  
A 
Having o b t a i n e d  v a l u e s  f o r  ; ( u )  and t h e  components o f  grad, E ,  
c o n t r o l  i s  r e t u r n e d  t o  t h e  f i r s t  procedure ,which l i e s  dormant 
d u r i n g  o p e r a t i o n  of  t h e  second.  The 'amount o f  t i m e  r e q u i r e d  
f o r  o p e r a t i n g  t h e  second procedure  is t h e  g r e a t e s t ,  because  
t h e  d imensions  o f  problems ( 6 )  , ( 7 )  , and ( 2 9 )  a r e  c o n s i d e r a b l y  
l a r g e r  t han  t h o s e  of  ( 3 2 ) .  To reduce  u s e r  t i m e ,  r u n s  f o r  ( 6 1 ,  
( 7 )  , and (29)  commence w i t h  t h e  op t ima l  s o l u t i o n  o b t a i n e d  a t  t h e  
p r e c e d i n g  s t e p .  We i l l u s t r a t e  t h e  o p e r a t i o n a l  f e a t u r e s  o f  t h e  
method w i t h  t h r e e  examples.  
Table  7  p r e s e n t s  t h e  r e s u l t s  o f  runn ing  t h e  p rocedure  f o r  
o p t i m i z i n g  t h e  exogenous pa ramete r s  o f  model ( 1 )  - ( 2 )  . 
These pa ramete r s  w e r e  co n s ide r ed  i n  t h i s  c a s e  t o  be independen t .  
The p e n a l t y  f u n c t i o n  P ( T , a )  was q u a d r a t i c  and t h e  r e g i o n  o f  f ea -  
s i b i l i t y  R was d e f i n e d  by t h e  sys tem of c o n s t r a i n t s :  
u  L 0.1  , 
v 1 0 .2  , 
u  + v  5 1 . 5  . 
Tab le  7 .  The n u m e r i c a l  r e s u l t s  o f  r u n n i n g  t h e  main p r o c e d u r e  
f o r  model ( 1  - ( 2 )  u s i n g  t h e  s q u a r e  p e n a l t y  
f u n c t i o n .  
b p .  u 
Iteration 1 
Iteration 2 
Iteration 3 
grad E ( u )  grad E ( v )  
Iteration 4 
2 1 0.830483446 0.680888533 0.423946700 1.130582527 1 .I35204454 
22 0.823644213 0.676425766 0.417547462 -0.172548562 0.026443233 
Iteration 5 
Iteration 6 
Note t h a t  t h e  problem d e s c r i b e d  i n  s e c t i o n  2 . 1  h a s  R a s  
The q u a d r a t i c  p e n a l t y  f u n c t i o n  was a l s o  employed t o  p r e v e n t  
v i o l a t i o n s  of  ( 3 3 ) .  The op t ima l  s o l u t i o n  was ach ieved  i n  s i x  
h h 
i t e r a t i o n s ,  d u r i n g  which twenty- f ive  v a l u e s  f o r  ~ ( u )  g radu  E 
were c a l c u l a t e d .  I n  c o n t r a s t  t o  t h e  r e s u l t s  ob t a ined  f o r  t h e  
ca se  d e s c r i b e d  i n  s e c t i o n  2 . 4 ,  t h e  f u n c t i o n  E^  (u )  was found t o  
be  nonconvex w i t h i n  L!. 
The above example is  i l l u s t r a t e d  i n  Figu re  12 i n  which t h e  
d o t s  r e p r e s e n t  t e s t  p o i n t s  and c i r c l e s  a r e  o ~ t i m a l  p o i n t s  
f o r  t h e  s i x  i t e r a t i o n s .  I n  t h i s  example, a l l  components of  t h e  
g r a d i e n t  of 2 ( u )  w e r e  cont inuous  b u t  n o t  smooth f u n c t i o n s .  The 
problem was a l s o  so lved  u s ing  a  ' c u b i c '  p e n a l t y  f u n c t i o n ,  which 
g r a n t s  smoothness t o  t h e  g r a d i e n t :  
Table 8  p r e s e n t s  t h e  numer i ca l  r e s u l t s  o f  t h i s  run .  Note t h a t  
t h e  o b j e c t i v e  f u n c t i o n  was a l s o  modif ied  i n  ( 2 9 ) .  
I n  t h e  t h i r d  example an  a lgo r i t hm w i t h  a  p r o j e c t i o n - g r a d i e n t  
approach was used t o  r e t a i n  1 )  u ;  v  1 1  w i t h i n  $2. The convergence 
achieved f o r  t h i s  c a s e  was b e t t e r  t han  f o r  t h e  o t h e r  two 
examples. The r e s u l t s  a r e  shown i n  Table  9 .  
F i n a l l y ,  l e t  u s  c o n s i d e r  MWRA. Figu re  13 shows t h e  
r e s u l t s  o f  s o l v i n g  prohlem (32) f o r  MWRA. The t e s t  p o i n t s  
marked were cons ide red  t o  be t h e  b e s t  approximat ions  f o r  each 
i t e r a t i o n .  I n  Figu re  13 t h e  t r a j e c t o r y  f o r  running t h e  op t imi -  
z a t i o n  procedure  i s  shown. The va lue  o f  t h e  p e n a l t y  c o e f f i c i e n t  
T i s  e q u a l  t o  0 .1 .  The se t  was d e f i n e d  f o r  t h e  c a s e  a s  
2 . 5 5 V  5 8  , 
-A 
F i g u r e  1 2 .  A g r a p h i c  r e p r e s e n t a t i o n  of  t h e  r e s u l t s  of  main 
p r o c e d u r e  f o r  model ( 1  ) - ( 2 )  u s i n g  t h e  s q u a r e  
p e n a l t y  f u n c t i o n .  
T a b l e  8 .  The r e s u l t s  o f  r u n n i n g  t h e  main p r o c e d u r e  f o r  
model ( 1  - ( 2 )  u s i n g  t h e  c u b i c  p e n a l t y  f u n c t i o n .  
grad E ( u )  grad E ( v )  
Iteration 1 
Iteration 2 
Iteration 3 
Iteratioo 4 
Iteration 5 
Iteration 6 
T a b l e  9 .  The n u m e r i c a l  r e s u l t s  o f  r u n n i n g  t h e  main p r o c e d u r e  
f o r  model ( 1  1 - ( 2 )  u s i n g  t h e  p r o j e c t i o n - g r a d i e n t  
a p p r o a c h .  
g r a d  E ( u )  g r a d  E ( v )  
I t e r a t i o n  1 
I t e r a t i o n  2 
I t e r a t i o n  3 
I t e r a t i o n  4 
The minimum w a t e r  volume p o s s i b l e  i n  t h e  l a k e  was d e f i n e d  a s  
From T a b l e  1 0  w e  a r e  a b l e  t o  e v a l u a t e  t h e  e x a c t  ( l o c a l )  
s o l u t i o n  t o  t h e  problem: 
I n  T a b l e  11 t h e  s t a t e  o f  FIIWRA f o r  t h e  o p t i m a l  v a l u e s  o f  
t h e  exogenous  p a r a m e t e r s  i s  d e s c r i b e d .  
F i g u r e  13.  A g r a p h i c  r e p r e s e n t a t i o n  o f  t h e  r e s u l t s  o f  r u n n i n g  
t h e  main p r o c e d u r e  f o r  MWRA (T = 0 . 1 )  . 
4 .  CONCLUDING REMARKS 
I n  t h i s  p a p e r  t h e  method d i s c u s s e d  h a s  been  c o n s i d e r e d  
as a t o o l  f o r  improv ing  the c o n s i s t e n c y  o f  model c r i t e r i a .  
However, t h e  dependence  o f  t h e  e q u i l i b r i a  s t a t e s  on t h e  
v a l u e s  o f  t h e  exogenous  p a r a m e t e r s  may a l s o  be used  f o r  
improving  t h e  c o n s i s t e n c y  o f  a se t  o f  m a t h e m a t i c a l  sub-  
s y s t e m  models  r e p r e s e n t i n g  a complex sys t em.  
. The problem o f  model l i n k a g e  i s  b a s e d  on an approach  d i s -  
c u s s e d  i n  Urnnov ( 1  975) and  (1979) f o r  t h e  c a s e  where t h e r e  
e x i s t s  a common c r i t e r i o n  f o r  t h e  sys t em o f  models .  The 
approach  d i s c u s s e d  h e r e  may b e  c o n s i d e r e d  a s  a method f o r  
l i n k i n g  models  w i t h  d i v e r s e  c r i t e r i a  measured i n  d i f f e r e n t  
u n i t s .  For  example ,  MWRA c a n  be  d i v i d e d  i n t o  t h r e e  submodels:  
- - submodel o f  w a t e r  dynamics,  
-- submodel o f  e n v i r o n m e n t a l  i m p a c t s ,  
-- submodel o f  a g r i c u l t u r e .  
Each submodel h a s  t h e  w a t e r  i n p u t  volume a s  a n  exogenous 
p a r a m e t e r  and t h e  c r i t e r i o n  v a l u e  measur ing  t h e  q u a l i t y  o f  
t h e  model s t a t e s  a s  i t s  o u t p u t .  Thus ,  w e  have  a sys t em o f  
Table  1 0 .  The r e s u l t s  o f  r u n n i n g  t h e  main p r o c e d u r e  f o r  MWRA. 
#P u v  E  grad E ( n )  grad E ( v )  
Iteration 1 
- Iteration 2 
Iteration 3 
Iteration 4 
22 0.25000000d+01 0.18570871d+01 0.70181470d+00 0.63113968d-01 0.11580182d-01 
Iteration 5 
23 0.25000000d+01 0. 18566415d+Ql 0.701812 12d+00 8.515645434-01 0.130766894-84 
Iteration 6 
24 0.25000000d+01 0.18566410d+01 0.70181212d+00 0.51551339d-01 -.26549118d-07 
Table 1 1 .  The s t a t e  of MWRA f o r  the  optimal value  of 
t h e  exogenous parameters . 
- J2XOGENOUS CONSTRAINTS : 
Final volume o f  water in the lake ='38880.88(1000cub.m) 
Capacity of natural water sources = 1.00( to norm. 
Minimal flow to Malmo - 1 .=(cub .m/sec) 
Minimal flow to the sea 2.50(oub .m/sec) 
Concent.leve1 of poll. in the sea = 10.00( g/cub.m 1 
List of criteria: yields, water i n  the lake, flow to Maldo, 
flow to the sea, flow of pollution to the sea 
RESULTS: Min.inconsistency = 67.0% 
# of criterion Value Opt. value Consist.% 
1 max 8921.24442 27014.51507 33.0 
2 max 7499.10131 22708.10843 33.0 
3 max 7370.43615 22318.49608 33.0 
4 max 30000.00000 30000,. 00000 100.0 
5 max 1 .86682 2.08800 93.3 
Technology 
# 
Area 1 Area 2 
ha ha 
Area 1 Area 2 
Yield ( ton ) 892 1 .244 7499.101 
Water in. (1880cub.m) 334.547 457.858 
Water out. 66.909 45.786 
Fertil.in.( ton ) 167.273 48.265 
Fertil.out. 25.09 1 7.240 
Area 3 
ha 
Area 3 
Water in the lake 30000.800( 1000cnb .m) 
Flow out the lake 1.330(cub .m/sec) 
Flow into the sea 2.500(cub.m/seo) 
Flow to Malmo 1.867(cub.m/sec) 
Pollution out the lake 3.939(g/sec) 
Pollution to the sea 9.384(g/sec) 
models w i t h  d i v e r s e  c r i t e r i a  t h a t  d e s c r i b e  v a r i o u s  p r o c e s s e s  
w i t h i n  t h e  r e g i o n .  Hence, t h e  l i n k a g e  problem can  b e  d e f i n e d  
as one o f  f i n d i n g  o p t i m a l  v a l u e s  f o r  t h e  exogenous p a r a m e t e r s  
such  t h a t  an  o p t i m a l  d e g r e e  o f  c o n s i s t e n c y  between t h e  models 
can  b e  a c h i e v e d .  
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